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Abstract 

^ ■ In this paper, we determine the lower central and derived series for the braid groups of the 

O '• projective plane. We are motivated in part by the study of Fadell-Neuwirth short exact 

^ I sequences, but the problem is interesting in its own right. 

The n-string braid groups B„(MP^) of the projective plane MP^ were originally stud- 
--3 . ied by Van Buskirk during the 1960's, and are of particular interest due to the fact that 

O I they have torsion. The group Bi(]RP^) (resp. B2{M.P^)) is isomorphic to the cyclic group 

Z2 of order 2 (resp. the generalised quaternion group of order 16) and hence their lower 
central and derived series are known. If n > 2, we first prove that the lower central 
k>i I series of Bn{MP^) is constant from the commutator subgroup onwards. We observe that 

^ ■ r2(B3(]RP^)) is isomorphic to (F3 xi Qg) xi ^3/ where Fj. denotes the free group of rank k, 

and Qs denotes the quaternion group of order 8, and that r2(B4(MP^)) is an extension of an 
index 2 subgroup K ofPi(MP^) by Z2 ©Z2. As for the derived series ofB„(RP^), we show 
that for all n ^ 5, it is constant from the derived subgroup onwards. The group B„(]RP^) 
being finite and soluble for n ^2, the critical cases are n = 3,4. We are able to determine 
completely the derived series ofBsiRP^). The subgroups {B3{mP^))^^\ (B3(Mp2))(2) and 
(B3(MP-^))('^) are isomorphic respectively to (F3 xi Qg) xi ^3/ F3 xi Qg and F9 x Z2, and 
we compute the derived series quotients of these groups. From (B3(MP^))(^) onwards, the 
derived series o/B3(]RP^), as well as its successive derived series quotients, coincide with 
those 0/F9. We analyse the derived series o/B4(MP'^) and its quotients up to (B4(]RP^))(^), 
and we show that (B4(]RP-^))('^) is a semi-direct 0/F129 by F17. Finally, we give a present- 
ation of T 2 {B„{RP^)). 
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1 Introduction 

1.1 Generalities and definitions 

Let n G N. The braid groups of the plane E^, denoted by B„, and known as Artin braid 
groups, were introduced by E. Artin in 1925 ||AlllA2llA3l , and admit the following well- 
known presentation: B„ is generated by elements Ci,..., dn-i, subject to the classical 

Artin relations: 

(ij(i: = (JO"; if |z — i\ ^ 2 and 1 ^ z,; ^ n — 1 

o'iCj.^iO'i = o'i_^iO'iO'i_^i for all 1 ^ z ^ n — 2. 

A natural generalisation to braid groups of arbitrary topological spaces was made at 
the beginning of the 1960's by Fox (using the notion of configuration space) IIFoNI . 
The braid groups of compact, connected surfaces have been widely studied; (finite) 
presentations were obtained in [ZlllZ2llBilllScll . As well as being interesting in their 
own right, braid groups have played an important role in many branches of mathem- 
atics, for example in topology, geometry, algebra and dynamical systems, and notably 
in the study of knots and links ||BZ[ , of the mapping class groups ||Bi2l |Bi3i , and of 
configuration spaces IICGilFH| . The reader may consult [Bi2llHanl lR| for some general 
references on the theory of braid groups. 

Let M be a connected manifold of dimension 2 (or surface), perhaps with boundary. 
Further, we shall suppose that M is homeomorphic to a compact 2-manifold with a 
finite (possibly zero) number of points removed from its interior. We recall two (equi- 
valent) definitions of surface braid groups. The first is that due to Fox. Let Fn{M) 
denote the n^'^ configuration space of M, namely the set of all ordered n-tuples of distinct 
points of M: 

f„(M) = {(xi, . . . ,x„) I XiG M and Xf 7^ Xj if i i- ;} . 

Since f„ (M) is a subspace of the n-fold Cartesian product of M with itself, the topology 
on M induces a topology on f„ (M). Then we define the n-string pure braid group P„ (M) 
of M to be Pn(M) = 7ri(f„(M)). There is a natural action of the symmetric group S„ 
on F„ (M) by permutation of coordinates, and the resulting orbit space F„ {M)ISn shall 
be denoted by Dn{M). The fundamental group 7ri(D,j(M)) is called the n-string (full) 
braid group of M, and shall be denoted by B„ (M). Notice that the projection f„ (M) — > 
Dn{M) is a regular n!-fold covering map. It is well known that B„ is isomorphic to 
B„(D^), and that the subgroup P„ of pure braids of B„ is isomorphic to P„(D-^), where 
D^ is the closed 2-disc. 

The second definition of surface braid groups is geometric. Let V = {pi, . . . , p„} be 
a set of n distinct points of M. A geometric braid of M with basepoint 7^ is a collection 
|6 = (|6i, . . . , |6„) of n paths ^: [0, 1] — >M such that: 

(a) for all z = 1, . . . , n, ^i{0) = pi and /S/(l) e V. 

(b) for all i,j = l,...,n and i ^ j, and for all t e [0, 1], ^i{t) ^ ^j{t). 

Two geometric braids are said to be equivalent if there exists a homotopy between them 
through geometric braids. The usual concatenation of paths induces a group opera- 
tion on the set of equivalence classes of geometric braids. This group is isomorphic 
to Bn{M), and does not depend on the choice of V. The subgroup of pure braids, sat- 
isfying additionally j6/(l) = p, for all i = 1, . . .,n, is isomorphic to Pn{M). There is a 
natural surjective homomorphism t : B„ (M) — > Sn which to a geometric braid fi asso- 
ciates the permutation t(/3) defined by j6i(l) = Pt-(^)(;). The kernel is precisely Pn{M), 



and we thus obtain the following short exact sequence: 

1 -^ Pn{M) -^ Bn{M) ^Sn^l. (1) 

In this paper, we shall be primarily interested in the braid groups of the real project- 
ive plane MP^. Along with the braid groups of the 2-sphere, they are of particular in- 
terest, notably because they have non-trivial centre (which is also the case for the Artin 
braid groups), and torsion elements (which were characterised by Murasugi [IMuj , see 
also IIGG9II ). We recall briefly some of their properties. If D^ ^ Mp2 ^^ ^ topological disc, 
there is a group homomorphism l: B„(D^) — > B„(MP^) induced by the inclusion. If 
^ e B„ (D^) then its image i{p) shall be denoted simply by /3. A presentation of B„ (RP^) 
was given in [VBJ (see Proposition Hj); in IIGG4I , we obtained a presentation of P„(]RP^). 
The first two braid groups of M.P^ are finite: B^ (RP^) and B2{^P'^) are isomorphic to Z2 
and Q16 respectively, where for m ^ 2, Q4,„ denotes the generalised quaternion group 
of order 4m Ell. If n ^ 3 then B„(Rp2) is infinite. For n = 3, the Fadell-Neuwirth 
short exact sequence of pure braid groups yields the fact that P3(RP^) is isomorphic to 
a semi-direct product of a free group of rank two by Qg. If n ^2, the so-called 'full 
twist' braid A^ = (cri ■ ■ ■ (r„_i)" generates the centre Z(B„(Rp2)) of B„(Rp2), and is the 
unique element of B„(RP^) of order 2. Here A„ denotes the Garside (or 'half twist') 
element of B„(RP^), defined by 

A„ = ((Ti • • • (r„_i){ai ■ ■ ■ (r„_2) ■ ■ ■ {(Ti(r2)ai. 

Further, the torsion of B„ (RP^) is 4n and 4(n - 1), and that of P„ (RP^) is 2 and 4 llGG3l . 
In IIGG8I , we classified the virtually cyclic subgroups of B„(RP^) for all n e N, and 
in IIGG9II , we characterised the finite subgroups of B„(RP^). 

Our aim in this paper is to study the lower central and derived series of the braid 
groups of RP^. We recall some definitions and notation concerning these series. If G 
is a group, then its lower central series {Ti{G)}i^^ is defined inductively by Ti{G) = G, 

and Ti:i(G) = [G,Ti(G)] for all i e N, and its derived series kG^') [ is defined 

I J !6Nu{0} 

inductively by G^^) = G, and G^'^ = [G^^~^\ G*^'~^)] for all i e N. One may check easily 
that r,(G) 3 r/+i(G) and G^'-^) ^ g(') for all i e N, and for all ; e N, ; > i, Tj{G) 
(resp. G^J"^) is a normal subgroup of rf(G) (resp. G^'^). Notice that r2(G) = G^^^ is the 
commutator subgroup of G. The Abelianisation of the group G, denoted by G^^ is the 
quotient G/r2(G); the Abelianisation of an element g e G is its r2(G)-coset in G^^. The 
group G is said to be perfect if G = G^^\ or equivalently if G^^ = {!}. Following P. Hall, 
for any group-theoretic property V, a group G is said to be residually V if for any (non- 
trivial) element x e G, there exists a group H with the property V and a surjective 
homomorphism cp\ G — > H such that (p{x) 7^ 1. It is well known that a group G 
is residually nilpotent (respectively residually soluble) if and only if ni>i ^ii^) = {1} 
(respectively ni>o ^^^^ = i^))- ^^ S'^ ^ ^ then \g,h] = ghg~^h~^ will denote their 
commutator. 

The lower central series of groups and their successive quotients Tz/Tf+i are iso- 
morphism invariants, and have been widely studied using commutator calculus, in 
particular for free groups of finite rank [Hall lMKSI . Falk and Randell, and independ- 
ently Kohno investigated the lower central series of the pure braid group P„, and were 
able to conclude that P„ is residually nilpotent | |FRlllKo| . Falk and Randell also stud- 
ied the lower central series of generalised pure braid groups | |FR2l |FR3|]. Using the 



Reidemeister-Schreier rewriting process, Gorin and Lin obtained a presentation of the 
commutator subgroup of B„ for n ^ 3 llGLll . For n ^ 5, they were able to infer that 
(B„)(i) = (B„)(2), and so (B„)(i) is perfect. From this it follows that r2(B„) = r3(B„), 
hence B„ is not residually nilpotent. If n = 3 then they showed that (B3)(^) is a free 
group of rank 2, while if n = 4, they proved that (64)^^^ is a semi-direct product of two 
free groups of rank 2. By considering the action, one may see that {Bj^y "> ^ (B^)^ \ 
The work of Gorin and Lin on these series was motivated by the study of almost peri- 
odic solutions of algebraic equations with almost periodic coefficients. In [iGG5l |GG6|] 
we studied the lower central and derived series of the 2-sphere S^ and the finitely- 
punctured 2-sphere. For S^, the case n = 4 is critical, in the sense that if n 7^ 4, B„ (S^) 
is residually soluble if and only if n < 4. It is an open question as to whether B4(§^) is 
residually soluble. 

The above comments indicate that the study of the lower central and derived series 
of the braid groups of MP^ is an important problem in its own right, and it helps us to 
understand better the structure of such groups. But we are also motivated by the in- 
teresting question of the existence of a section (the 'splitting problem') for the following 
two short exact sequences of braid groups (notably for the case M = RP^) obtained by 
considering the long exact sequences in homotopy of fibrations of the corresponding 
configuration spaces: 

(a) let m, n e N and m > n. Then we have the Fadell-Neuwirth short exact sequence of pure 
hr aid groups IIFaNI : 

1 -^ Pn{M\{xi,...,Xm}) -^ Pm+n{^P^) ^ Pm{^P^) -^ h (2) 

where m ^ 3 if M = S^ iFii lFVBB . m ^ 2 if M = MP^ Ell, and m ^ 1 otherwise UFaNI , 
and where p* is the group homomorphism which geometrically corresponds to for- 
getting the last n strings, and z* is inclusion (we consider P„(M\{xi,. . .,Xm}) to be 
the subgroup of Pm+n(MP^) of pure braids whose last m strings are vertical). This 
short exact sequence plays a central role in the study of surface braid groups. It was 
used by |PR|| to study mapping class groups, in the work of IIGMPI on Vassiliev in- 
variants for braid groups, as well as to obtain presentations for surface pure braid 
groups [iBiTllScl lGdTllGnilGGg l. 

(b) let m,n e N. Consider the group homomorphism t: Bm+n{M) — > Sm+n, and let 
Bm,n{M) = T~^{Sm X S„) be the inverse image of the subgroup Sm x S„ of Sm+n- As 
in the pure braid group case, we obtain a generalisation of the Fadell-Neuwirth short 
exact sequence [IGG2II : 

1 -^ B„(M\{xi,. . .,x,„}) -^ B„,,n{M) -^ BmiM) -^ h (3) 

where we take m ^ 3 if M = S^, m ^ 2 if M = MP^ and m ^ 1 otherwise. Once more, 
p* corresponds geometrically to forgetting the last n strings. 

We remark that if the above conditions on n and m are satisfied then the existence 
of a section for p* is equivalent to that of a geometric section for the corresponding 
configuration spaces (cf. |GG3llGG4| ). The authors have recently solved the splitting 
problem for the short exact sequence © for all surfaces IIGG7I . In IIGG4L we studied 
the short exact sequence (|3|) in the case M = S^ of the sphere, and showed that if m = 3 
then ((3]) splits if and only if n = 0, 2 mod 3. Further, if m ^ 4 and © splits then there 
exist £1,62 e {0,1} such that n = t\{m — l)(m — 2) — Z2ni(m — 2) mod m{m — l)(m — 2). 
An open question is whether this condition is also sufficient. 



Our main aim in this paper is to study the lower central and derived series of the 
braid groups of WP'^. This was motivated in part by the study of the problem of the 
existence of a section for the short exact sequences ^ and (HI). To obtain a positive 
answer, it suffices of course to exhibit an explicit section (although this may be easier 
said than done!). However, and in spite of the fact that we possess presentations of 
surface braid groups, in general it is very difficult to prove directly that such an exten- 
sion does not split. One of the main methods that we used to prove the non-splitting 
of ^ for n ^ 2 and of (|3|) for m 5^ 4 was based on the following observation: let 
1 — > K — > G — > Q — > 1 be a split extension of groups, where K is a normal sub- 
group of G, and let H be a normal subgroup of G contained in K. Then the extension 
1 — > K/H — > G/H — > Q — > 1 also splits. The condition on H is satisfied for ex- 
ample if H is an element of either the lower central series or the derived series of K. 
In IIGGIL considering the extension (|2]) with n ^ 3, we showed that it was sufficient 
to take H = T2{K) to prove the non-splitting of the quotiented extension, and hence 
that of the full extension. In this case, the kernel K/Y2 (K) is Abelian, which simplifies 
somewhat the calculations in G/H. This was also the case in |GG4| for the extension Q 



with m ^ 4. However, for the extension (|2]) with n = 2, it was necessary to go a stage 
further in the lower central series, and take H = r3(i<C). From the point of view of the 
splitting problem, it is thus helpful to know the lower central and derived series of the 
braid groups occurring in these group extensions. But as we indicated earlier, these 
series are of course interesting in their own right, and help us to understand better the 
structure of surface braid groups. 

1.2 Statement of the main results 

This paper is organised as follows. In Section ^ we recall some general results con- 
cerning the splitting of the short exact sequence 1 — > r2(B„(MP^)) — > B„(RP^) — > 
(B„(Mp2))Ab — , 1^ where (B„(Rp2))Ab ig the Abelianisation of B„(Rp2), as well 
as homological conditions for the stabilisation of the lower central series of a group 
(Lemma IZl). We then go on to study the lower central series of B„(RP^), and we prove 
the following result. 

Theorem 1. The lower central series o/B„(RP^) is as follows. 

(a) Ifn = 1 then Bi(Rp2) = Pi(Rp2) ^ Z2, and r,(Bi(Rp2)) = {1} for all i ^ 2. 

(b) Ifn = 2 then B2(RP^) is isomorphic to the generalised quaternion group Q\(, of order 16. 
Its lower central series is given by T2{B2{RP^)) = Z4,r3(B2(RP^)) ^ Z2andTi{B2{RP^)) = 
{1} for alii ^4. 

(c) For all n ^ 3, the lower central series o/B„(RP^) is constant from the commutator sub- 
group onwards: Tm{Bn{^P^)) = T2{Bn{RP^)) for all m^l. 

Further, a presentation o/r2(B„(RP^)) is given in Proposition\T2\ 

The lower central series of B„ (RP^) is thus completely determined. In particular, for 
all n ^ 2, the lower central series of B4(RP^) is constant from the commutator subgroup 
onwards, and Bjj(RP^) is residually nilpotent if and only if n ^ 3. A presentation of 
r2(B„(RP^)) is given in Proposition [T2l in Section HI The case n = 3 is particularly 
interesting: as we shall see in Proposition HI, r2(B3(RP^)) is a semi-direct of the form 
(F3 X Qs) x ^3- This may be compared with Gortn and Lin's results for r2(B3) and 
r2(B4) liGy and with our result for B^(S'^) iGGSl . 



In Section m we study the derived series of B„(RP^). As in the case of B„ and 
B„(§2) llGLllGGSll , (B„(MP2^)(1) ^g perfect if n ^ 5, in other words, the derived series of 
B„(]RP^) is constant from (B„(MP^))(^) onwards. The cases n = 1, 2 are straightforward, 
and the groups Bn{^P'^) are finite and soluble. In the case n = 3, we make use of the 
semi-direct product decomposition of (B3(RP^))(^) of Proposition HI 

Theorem 2. Letne'N,?!^ 4. The derived series o/B„(RP^) is as follows. 

(a) Ifn = 1 then {Bn(RP^)Y'^^ = {!}. 

(b) Ifn = 2 then (B2(MP2))(i) ^ Z4 and (B2(MP2))P) = {i}. 

(c) Suppose that n = 3. Then 

(i) (B3(MP2))(1) = r2(B3(Rp2))_/j'fs into the short exact sequence 

1 — >K — > (B3(Rp2))(i) ^ Z3 ^ 1, 

where K is an index 2 subgroup o/P3(RP^). 

(ii) This short exact sequence splits; a section is given by associating (psdic^i)^ e (B3(RP^))(-'^) 
to a generator of Z3. The commutator subgroup (B3(RP^))(-^) is isomorphic to (F3 x Qg) >^ ^3/ 
where the actions are given by Proposition \8\ 

(Hi) We have (B3(RP^))(^) ^ F3 x Qg, where the action is given by Proposition\8\ The quo- 
tient (B3(RP^))(-^)/(B3(RP^))(^) ^ Z3, and there is a short exact sequence 

1 -^ (B3(RP2))(1)/(B3(RP2))(2) -^ B3(RP2)/(B3(RP2))(2) -^ 

B3(RP2)/(B3(RP2))«^1, 

where the extension B3(RP^))/(B3(RP^))(^) is isomorphic to the dihedral group Dihi2 of order 
12. Moreover, (B3(Rp2))(2)/(B3(Rp2))(3) ^ Z|, and B3(Rp2)/(B3(Rp2))(3) is an extension 
o/Z| by Dihi2, so is of order 192. 

(iv) We have (B3(Rp2))(3) ^ ¥9®Z2and (B3(Rp2))(3)/(B3(Rp2))(4) ^ z9eZ2. Further, 
B3(RP2)/(B3(RP2))(4) is an extension of 7f^®Z2 by B3(Rp2)/(B3(Rp2))(3), so is infinite, 
and for all i ^ 4, (B3(Rp2))» ^ {¥^)i^-^). 

(d) Ifn ^ 5 then (B„(Rp2))(2) = (B„(Rp2))(i), so (B„(Rp2))(i) is perfect. A presentation of 
(B„(Rp2))(^) is given in Proposition^^ 

So if n ^ 4, the derived series of Bj,(Rp2) is thus completely determined (up to 
knowing the derived series of the free group F9 of rank 9). In particular, if n 7^ 4, 
Byi (Rp2) is residually soluble if and only if n < 4 (Corollary lTOl) . We remark that part ^ 
of Theorem [Hand the first statement of part ^ of Theorem |2] appeared in [BMJ where 
the authors asserted that the results may be proved along the lines of our proof in the 
case of the sphere MGG5I . We give the details of the proofs. As for B„ and B„(S2) [|GLl 
IGG5ilGG6 L the case n = 4 is somewhat delicate. We are able to determine some of the 
terms and quotients of the derived series of B4(Rp2). 

Theorem 3. Suppose that n = 4. 

(a) The group (B4(Rp2))(^) = r2(B4(Rp2)) is given by an extension 

l^K — > (B4(Rp2))(i) — . A4 ^ 1 

where K is a subgroup ofP^CRP'^) of index two. 



(b) (i) We have the following isomorphism: 

(B4(MP2))(1) ^ (B4(MP2))(2) X Z3, 
where the action on (B4(MP^))P) is given by conjugation by (p30'20'i)'^ , and 

(B4(Mp2))(i)/(B4(Rp2))(2) ^ Z3. 
(n') We have a short exact sequence 

1 -^ (B4(MP2))(1)/(B4(MP2))(2) -^ B4(RP2)/(B4(RP2))(2) -^ 

B4(Mp2)/(B4(Rp2))(i) ^ 1, 

where B4(Mp2)/(B4(Rp2))(2) is isomorphic to the dihedral group Dihi2 of order 12. 
(Hi) The group (B4(Rp2))(2) is given by an extension 

l^K — > (B4(Rp2))(2) — .22 0^2 — ^ 1. 

(c) (B4(1RP2))(2)/(B4(MP2))(3) ^ Z|, and {B^{RP^)Y^^/{Bi{RP^)Y^^ ^ Z^ x Z3, w/zere f/ze 
action ofZ^ permutes cyclically the three non-trivial elements of the first and second (resp. the 
third and fourth) copies 0/Z2. 

(d) The group (B4(Rp2))('^) is a subgroup ofK of index four. Further, 

(B4(RP2))(3)^(F5XF3)XZ4, 

where the action is described by equations il28\ )- il31\ ). Moreover, 

(B4(Rp2))(^V(B4(KP^))^^^ = z8eZ4, 

and (B4(Rp2))(^) is a semi-direct product of the form F129 x F17 where the action is that in- 
duced by F3 on F5. From i = 4 onwards, we have (B4(Rp2))('+^) ^ (IF129 x Fiy)^') /or all 
i^O. 

A presentation of B4(Rp2))(^) derived from that of Proposition [121 is given during 
the proof of Theorem |3l As in the case of B4(S2), it is an open question as to whether 
B4(Rp2) is residually soluble or not. 

In [iBGGiL the lower central series of braid groups of orientable surfaces of genus 
g ^ 1, with and without boundary, was analysed. The study of the lower central series 
of non-orientable surfaces of genus at least two is the subject of work in progress. 
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2 The lower central series of B„(RP^) 

The main aim of this section is to prove Theorem [H which describes the lower central 
series of B„(MP^). Before doing so, we state some general results concerning B„(]RP^), 
as well as some general homological conditions for the stabilisation of the lower cent- 
ral series of a group (Lemma [Z])- We start by recalling Van Buskirk's presentation of 

B„(MP2). 

Proposition 4 (Van Buskirk ||VB[). Let n e N. The following constitutes a presentation of 

the group Bn{RP^): 

generators: cfy . . . , (r^_y pi, ... , pn- 

relations: 



cr,(Tj = CTjCTi if\i-i\^2, 
a-^cr^+io-,- = cr^+iC7-,c7^+i forl^i^n-1, 
^iPi=Pi^i forj^ij + h 
pi+i = cr~^picr~^ forl^i^n-1, 
P7+iP7^Pi+iPt = ^1^ forl^i^n-h 

pi = (7^(72 • • • (r„_2(7-^_^(r„_2 • • • 0-2(71. 

Remark 5. Let n e N. It is well known that {B; ,-, p^ | 1 ^ z < ; ^ n, 1 ^ fc ^ n} is a 
generating set for P„ (MP^), where 

Br,j = (Tj-i ■ ■ ■ (Tt+icrfar^^ ■ ■ ■ (r-\. 

Let n e N, let (B„(Mp2)) ^b = B„(Mp2)/r2(B„(Mp2)) denote the Abelianisation of 
B„(MP2), and let a: B„(Mp2) — > (B„(Rp2)) ^b be the canonical projection. Then we 
have the following short exact sequence: 

1 r2(B„(Mp2)) B„(RP2) ^ (B„(MP2)) Ab ^ I (4) 

We first prove the following result which deals with this short exact sequence. 

Proposition 6. Let n e N. Then (B„(Rp2)) ^^ = B„(Mp2)/r2(B„(Mp2)) ^ Z2®1ir where 
the generators of the first (resp. second) copy 0/Z2 is the image of the generators di (resp. pj). 

Proof. This follows easily by Abelianising the presentation of Bn(^P'^) given in Pro- 
position HI The generators (7, (resp. pj) of B„(Rp2) are all identified by a to a single 
generator a = c(.{ai) (resp. p = oc{pf)) of the first (resp. second) Z2-summand. D 

We recall the following lemma from MGG5I . 

Lemma 7 ( |GG5| ). Let Gbea group, and let 5 : H2(G, Z) — > H2{G^^, Z). denote the homo- 
morphism induced by Abelianisation. Then T2(G) = T^{G) if and only if 5 is surjective. 

We now come to the proof of Theorem [H 



Proof of Theorem^ Since Bi(Rp2) = ni{RP^) and B2{RP^) = QiefVF], parts © and © 
follow easily. Now suppose that n ^ 3. First observe that H2(Z2©Z2) = Z2. By 
Lemma [Zl if the homomorphism S is surjective then r2(B„(MP^)) = r3(B„(MP^)), and 
part (jcj) follows. Otherwise, if S is not surjective then it is trivial, and we obtain the 
following exact sequence: 

1 ^ Z2 ^ r2(B„(Mp2))/r3(B„(Mp2)) -^ Hi(B„(Mp2),Z) -^ (B„(Rp2))Ab _^ 1. 

It follows that Z2 — > r2(B„(Mp2))/r3(B„(Mp2)) is an isomorphism. So we have the 
short exact sequence: 

1 ^ Z2 ^ B„(]Rp2)/r3(B„(Rp2)) -^ Hi(B„(Rp2),Z) -^ 1, 

^ V ' 

Z2®Z2 

and hence the middle group, which we denote by H, is of order 8. Since the quotient 
r2(B„(RP^))/r3(Bjj(RP^)) is non trivial, we conclude that H is non Abelian, and so is 
either Qg or the dihedral group Dihg. 

We claim that there is no surjective homomorphism B„(RP^) — > H. To see this, 
let cp: B„(RP^) — > Hbe a homomorphism. Since o'-cr-_^-^a- = cr-j^-^a-d-j^-^ for all 1 ^ z ^ 
n — 2, the cr, are pairwise conjugate. Hence (p{(ii) and (p{crj) are conjugate in H for all 
1 ^ i,i ^ n — 1. But in both Qg and Dihg, any two conjugate elements commute. 
Applying q) to the relation o-f^^-^a^ = cr^_^^o'^a^_^_-^ and using induction yields (p{cri) = 

cpicj) for all 1 ^ i,i ^ n — 1. If cpici) = 1 then the relation pi_^_i = af^pfcrf^ implies 
that (pipi) = cpipi+i) for all 1 ^ z ^ n — 1, and thus Im (cp) = ((p{pi)} ^ H. So we may 
assume that cpi^i) 9^ 1. 

Suppose first that n ^ 4. Given 1 ^ i ^ n, there exists 1 ^ / ^ n — 1 such that Cj 
commutes with pj, and so (picj) commutes with (p{pi) for all i. If n = 3 then a similar 

analysis shows that cpipi) and cpips) commute with the cpicj). Further, p2 = c^ Pi^'i > 
and hence ^(102) commutes with the (^{cf). In both cases, we conclude that Im {(f) is 
contained in the centraliser of (p{cr\) in H. A necessary condition for (p to be surjective 
is that ^(c^i) be central in H, and so (p{cr\) must be of order 2. Once more the relation 
|0,+i = (T~ pi(T~ implies that (p{pi) = cpipi+i) for all 1 ^ z ^ n — 1, and hence Im (cp) = 
((p{pi),(p{ai))^H. 

Thus no homomorphism B„(RP^) — > H is surjective, but this contradicts the sur- 
jectivity of the canonical projection B„(Rp2) — > B„(Rp2)/r3(B„(Rp2)). This completes 
the proof of part dcj, and thus that of Theorem [H D 

We may obtain a much better description of r2(B3(RP^)) as follows. This will be 
helpful in the analysis of the derived series in Section |3l 

Proposition 8. The group r2(B3(RP^)) is isomorphic to (F3 x Qg) x Z3. The actions may he 



described as follows. Writing Qg = (x,y x^ = y^, 


y^y ^ 


= X-l>,F3=F3(Zi,Z2,Z3)flnrf 


Z3 = (u), we have: 










XZiX~^ = z^^ 




XZ2X ^ = Z^ "^Zj ^Zi 




XZ3X = Z-1 Z2 Z\ 


yziy-^ = Z2Z3Z1 




yz2y~^ = z^^ 




I/Z3I/-I = Z2Z3"1Z2"^ 


UZiU~^ = X^ZsZi 




—1 2 —1 

UZ2U = X Z-^ 




UZ3U~^ = X^Z2^Z^^Z^^ 


uxu~^ = xy 




uyu~^ = X, 






where u = {p3cr2cri)^, x = 


pipx, 


y = piBi,2p^^r Zl = 


plrZ2 


= B2,3andZ3 =p3B2,3P3^- 



Remarks 9. 

(a) The commutator subgroup of B4(MP-^) will be analysed in more detail in Section |3l 

(b) Let n ^ 2. Recall from [iGG3l Proposition 26] that there exist two elements a,b e 
B„(MP2) defined by: 



a = PnCTn-l ■■■(Ti= cr^J^ ■ ■ ■ (T^ Vl 



(5) 



h = Pn-lCTn-l ■■■0-1= a^l_^ ■■■d^ Vl' 

of order 4n and 4(n — 1) respectively These elements satisfy BGG3i Remark 27]: 

]f~^ = pn-i ■■■pi and a^ = pn^^^ p\. 

From ['GG31 page 777\, conjugation by a~^ permutes cyclically the following two col- 
lections of elements: 



In particular. 



cTi, . . . , a-„_i, fl ^crn-\a,a-^'^,...,(r^\, a ^cr^^^a, and 

-1 -1 

P\, ■ ■ ■ ,Pn, Pi ,■■ -rPn ■ 



a^'aia-'' = a'^ for all 1 ^ z ^ n - 1 



a^PjU " 



(6) 



(7) 



p- ^ for all 1 ^ y ^ n. 
Further, for all 1 ^ z ^ n llGG9l , 

^npAn^ = P~li_i 

in B„(]Rp2), which implies that 

AnaAn^ = AnPnO-n-1 " " " O'lA''^ = p'^CTi ■ ■ ■ (T^-X = a~^ ■ (8) 

These observations will be used frequently in what follows. 

Proof of Proposition^ Let n ^ 2, and let cc be the Abelianisation homomorphism of 
equation dH), where A;((r,) = a and oc{pj) = p. The permutation homomorphism t of 
equation (fTj) induces a homomorphism t: (B„(MP^)) ^^ — > (a), and we obtain the 
following commutative diagram of short exact sequences: 



K- 



r2(B„(Mp2))^^A„ = r2(s„) — -1 



1 -P„(MP2) 



<p)- 



^Bn{RP^) -S„- 

h 



(B„(MP2)) 



2\\ Ab T 



(9) 
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Here t' (resp. a') is the restriction of t (resp. a) to r2(B„(RP^)) (resp. to P„(]RP^)), /i is 
the homoraorphism that to a transposition associates a, and K = Ker (a') = Ker (t') 
is of index 2 in P„(Rp2) (recall from Proposition H that (B„(Rp2)) ^^ ~ Z2 0^2, and 
<p> - <^> - Z2). 

Now let n = 3. From [VB | | , we know that 

P3(RP2)^F2XQ8- (10) 

Let us first determine generating sets of the two factors in terms of Van Buskirk's gen- 



erators (this action was previously described in |GG4| , but in terms of a different gen- 
erating set). From the Fadell-Neuwirth short exact sequence (|2|), we have 

1 ^ 7ri(Rp2\{xi,X2}) -^ P3(RP') ^ P2(MP2) ^ Qg ^ h 

where tti (RP^\ {xi, X2}) = F2 is a free group of rank two with basis {ps, 62,3). The two 
elements a = p^CiCi and h = p20'i of equation (JS]) are of order 12 and 8 respectively, 
and satisfy: 

Ip- = p2p\ and a^ = p^pipi- (11) 

From IIGG91 Proposition 15], there is a copy of Q\(, in B3(RP^) of the form <&, Asfl"^), 
and by general arguments, one sees that it has two subgroups isomorphic to Qg/ of the 
form Qp-, A3fl~^) and Qp-, bA^a~^') respectively. We shall be interested in the latter copy 
since it is a subgroup of P3(RP^). 

We have that fl^ is of order 3, a^ e Ker (a) = r2(B3(Rp2)), and T{a^) = T{a) = 
(1,2,3). Since A3 = ((1,2,3)), the correspondence (1,2,3) 1 — > a^ defines a section for 
t', and hence 

r2(B3(RP^)) ^ K X Z3 (12) 

from equation ^. Let us now study the structure of K in order to calculate the action. 
By construction, K is the kernel of oc' , and so is an index 2 subgroup of P3(RP^) ^ 
IF'2 x Qs- The homomorphism cc' is defined on the generators of P3(RP^) (cf. RemarklSj) 
by pj I — > p for j = 1, 2, 3, and for 1 ^ z < ; ^ 3, Bjj is sent to the trivial element of (jo). 
Since 



bAsa ^ = a^ Vi- f^if^2f^i- f^i ^2 V3 ^ = ^^i Vif^ii^s ^ = |02C^i|03 ^ = piBi^iRs \ (13) 

we see that our copy (b^, bA^a~^} of Qg lies in Ker (a.'). Thus we have a commutative 
diagram of short exact sequences: 



Ker(p, \k) 



K 



P*\k 



1 -F2(^3,B2,3) 



« |f2(P3'B2,3) 



P3(RP2 



(P)- 



P2(RP2) 



P2(RP2) 



Note that we have used the following facts in order to construct this diagram: 
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(^) ^' 7ri(Ep2\{xi,x2} ^^ surjective onto (p) since ps g ^2(^3, B^s)- 

(n) p*(fc^) = {p2pi)^ = ^2 is equal to Bi,2 in P2(Mp2), and p^ibA^a'^) = p2Bi^2 by 

equation (|T3|) , and we conclude that p* |x is surjective onto P2(MP^). 

This second fact also implies that 

^ ^ ^' X Qs, (14) 

where K' = Ker (p* |x) = Ker (a') n F2 (,03, 62,3) = Ker fa' F2(p3,B23) ) is of index two 
in F2(|03, 62,3). The application of the Reidemeister-Schreier rewriting process with 
Schreier transversal {1,103} to this restriction shows that K' = F3 (p^, 62,3, p3B2,3p^^ ) is 
a free group of rank 3. Combining equations (1121) and (Ull), we obtain K ^ (F3 x Qg) 



Z3. The actions may be deduced from the action of Qg = (b^,bA3a~^) on F2(|03, 62,3) 
which we now determine. Remark |9l|b]) and equation (|TT|) imply that conjugation by 
b^ = P2P1 is given by: 



p2pi- p3- Pi V2 ^ = P3 ^«V3« Vs = P3 ^ 



P2Pl- B2,3- Pi V2 ^ = P3 ^«^S2,3« ^|03 = 1O3 ^B^Ips- 

From this, we deduce that under conjugation by b^, 



(15) 



P3^^P3^ 



(16) 



B2,3|03 ' ^ (S2,3|03) • 

As for conjugation by bA3a~^ = ^2^1,2^3^^, we have 

P2Bi,2P3^-p3- p3Bilp2^ = p2P3p2^ = p3P2B2}p2^ using Proposition H 

= p3p2piB-lp-'^p-^p-^p3 = a^B-]^a-^p3 = B2,3p3 (17) 

p2Bi,2p3^.B2,3-p3Bilp2^ = fcA3fl-^ B2,3- «A^^^"^ = fcA3(fl-^B2,3fl)A^lfc-^ 

= baaia~^b~^ = a2a^cr1a~^a2^ from equation ((5]) 

= B^3 from equation ((S]). (18) 

Here we have used equation ((8]), as well as the standard property of A„ (in B„) that 
AnO'iA~^ = dn-i for all 1 ^ z ^ n — 1. So under conjugation by bA3a~^, 

P3 ^ B2,3^3 ^^g^ 

B2,3|03 ' ^ P3- 

Relations ((T6l) and ((T9|) thus describe the action of Qg on F2 (1O3, B2,3), from which we 
may easily deduce its action on F3 {p\, B2,3, |03B2,3|0^^ ) : 



P2p\-P3-Pi^p2'^ =pf 

P2P1. B2,3- Pi^p2^ = pf- P3B2),P3^-P3 
p2P\-p3B2,3p3^-Pl^p2^ = P3^- B^g- p3 
p2Bi,2p3^.p3.p3Bllp2'^ = B2,3-P3B2,3P3^-P3 
p2Bl,2p3^ ■ B2,3- p3B^lp2^ = B^^ 
p2Bi,2p3^- P3B2,3P3^- p3B^lp2^ = B2,3- p3B^3^^^- ^2^3 
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We now record the action of Z3 on F3 x Qg- Since 



and 

we have 
So 



1O3 ^ = (^2(ri(r2 = 0-2(^1^2 ^^2 ^ = -Bi^s-B^s 



{P2pif = {p2Bl,2P3^f = b^ = Al= Bi,2Bl,3B2,3, 

Bi,2 = {p2PifB2}Bll = {p2Pifpl 



(20) 
(21) 



a^. p2Pi- a ^ = p-^ ^ps by equation ((6]) 

= Pi^P2^-p2Bl,2P3'^.p3B-l 

= (|02|0i)"^. p2Bi^2P3^- {p2Pi)~^ by equation ^) 
= P2P1 ■ P2Bi,2P3^ by equation (|20l) , 

and using the fact that (p2Pi)^ = A3 is of order 2 and is central in B3(MP^). Further, 
a^. 1O2B1 2|0^^- fl~^ = fl^. P2P3^Bi^2- «~* = Pi^p2^~^cr2^ by equation ((61) 
= |0^^p2|0i~^c^iC^2C^2'^2~^'^r^i'^i ^y equation ^ 
= Pi^P2pi^(^\(rlcri(T-^pi = p^'^ . p2picr{^ . pi = p^^pip2pi = p2p\ 

using Proposition SI This describes the action of Z3 on the Qg'f actor. As for the action 



of Z3 on F2(B2,3, 1O3), using relations (|20|) and (|2T|) . we have 
fl^B2,3fl~^ = Bj|"2 by equation (|6l) 



AgiOg"^ by equations ^ and (|2T|> . 



and 



a^p^a ^ = P2^ by equation ((6]) 



-i\-i 



by equation (|2T]) 



= P3 ^Sl,2- Bi,2V3p2 ^ = P3^ip2plfp3ip2Bl,2p3 

= P3{p2Bi,2P3^) by equation (|20l) 
Hence the action on F3 ( pg, B2,3, |03B2,3|0^^ ) is given by 

a^pla -4 =p3 {p2Bi,2p3^ )p3 {p2Bi,2p3^ ) 

= p3{p2Bi,2P3^)p3iP2Bi,2p3^)~^^3 by equation (|20l) 



^3^2,3^3 A3 by equation (|17l 

A^.P3B2,3P3"^.P3 



a^B2,3a ^ = A3.|03^ 



«V3B2,3P3 ^« ^ = P3ip2Bl,2P3 ^)^3p3 ^ip2Bl,2p3 ^) V3 ^ 
= A^|03(B2,3|03)"V3'^ by equation ^ 
= ^3^2,3- P3^-P3^2,3P3 



-1^-1 



Setting u =a*,x = p2pi, y = p2Bi,2p3 ^ zi = 1O3/ ^2 = ^2,3 and Z3 = P3B2,3p3 ^ yields the 
desired actions, and completes the proof of Proposition HI D 
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3 The derived series of B„ (RP^) 

In this section, we study the derived series of B„(MP^) and prove Theorems |2] and |3l 
We start by showing that for all n ^ 2,3,4, (B„(Mp2))(i) is perfect. We then study the 
cases n = 3,4 in more detail. If n = 3, we are able to determine completely the derived 
series of Bo,(R.P'^), and deduce that it is residually soluble. If n =4, in Theorem |3] we 
obtain some partial results on the derived series of B4(]RP^) and its quotients. 

Proof of Theorem^ Cases (taj and © follow directly from the fact that Bi(RP^) ^ Z2 
and B2(MP2) ^ Q^,. Now consider case ©, i.e. n 5^ 5. Let H c (B„(Mp2))(i) be a 
normal subgroup of B„(Mp2) such that A = (B„(Rp2))(i)/H is Abelian (notice that this 
condition is satisfied if H = (B„(Mp2))(2)), and let 




denote the canonical projection. Then the Abelianisation homomorphism oc of equa- 
tion dH factors through B„(RP^)/H, in other words there exists a (surjective) homo- 
morphism a: Bn{RP^)/H — > (B„(Mp2)) ^^ satisfying a = a o n. So equation (JH) in- 
duces the following short exact sequence: 



A -^ Bn{^P^)/H -^ (B„(Rp2)) Ab _^ I 



In particular, (B„(Rp2)) ^b ^ Z2 0^2 is a quotient of B„(Rp2)/H. We claim that the 
two are in fact isomorphic, which using the above short exact sequence will imply that 
B„(RP2))(1) = H, and thus (B„(Rp2))(i) = (B„(Rp2))(2). To prove the claim, first note 
that (fi,. . .,(7V-i,|0i,. . .,|0^ generate B„(Rp2)/H. Since a ((7;) = A:((ri) for all 1 ^ z ^ 
n — 1, it follows that oc{ai) = a((fi). So there exist ti e A, with ti = 1, such that (7J- = tjai. 

We now apply n to each of the relations of Proposition HI First suppose that 3 ^ 
i ^ n — 1. Since Cj commutes with ci, we have that Oi ■ tjOi = tjOi ■ Oi, and hence ti 
commutes with Oi. 

Now let 4 ^ z ^ n — 1 (such an i exists since n ^ 5). Since cr, commutes with (72/ 
we obtain tjOi ■ t2o\ = 126^1 ■ tiOi. But A is Abelian, and so it follows from the previous 
paragraph that ^2 commutes with oi. Applying this to the image under n of the relation 
o'iO'20'i = (J20'\cr2, we see that ^2 = ^> arid hence t2 = 1. 

Next, if z ^ 2 then the relation dicrij^idi = ai_^_iO'iai_^_i implies that f/ = i/_|_i, and so 
t2 = . . . = tn_i = 1. Hence 6\ = 02 = ■ ■ ■ = o\^, and we denote this common element 
by (7. 

Let 1 ^ y ^ n. Then from Proposition |4] there exists 1 ^ i ^ n — 1 such that pj 
and (7; commute. So in the quotient Bj,(Rp2)/H, pj commutes with a for all 1 ^ / ^ n. 
If 1 ^ i ^ n — 1, the relation |Of+i = af^pi^f^ implies that pj^i = piO-~^. Hence 
Pi^i = piO'~^'. Projecting the relations p^^iP^^ Pi+iPi = of into B„(Rp2)/H, where 
1 ^ z ^ n — 1, we obtain a^ = 1, and so pi = p\ for all 1 ^ z ^ n. Finally, by projecting 
the surface relation of B„(Rp2) into B„(Rp2)/H, pi^ = cf^^^-^) = 1. Therefore the group 
B„ (Rp2)/H is a quotient of Z2 Z2. But we know already that (B„ (RP^)) Ab ^ ^^ Z2 
is a quotient of B„(Rp2)/H, and so this proves the claim. Taking H = (B„(Rp2))(2), it 
follows that the group (B„(Rp2))(i) is perfect. A presentation of (B„(Rp2))(i) will be 
given in Proposition [121 This proves part (|d)l. 
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We now consider case Q, so n = 3. Parts © and dn]) are just restatements of 
the results obtained in Proposition [8l To prove part Iml), one may check easily using 
the presentation of Proposition |8] that the Abelianisation (B3(Mp2))(i)/(B3(Rp2))(2) of 
(B3(Mp2))(i) iscyclicof order 3, generated by the Abelianisation of fl4. Since (B3(Mp2))(i) 
is isomorphic to (F3 x Qg) >< ^3/ where the Z3-f actor is generated by a^, we obtain 
(B3(MP^))(^) ^ F3 X Qg, where the action is once more given by Proposition HI To see 
that the quotient B3(]Rp2)/(B3(Mp2))(2) is isomorphic to Dihi2, note first that we have 
the following commutative diagram of short exact sequences: 



(B3(MP^)) 



21^(1) 



B3(MP2 



(B3(MP^)) 



2\\Ab. 



-(B3(MP^))^^V(B3(ffiP')) 



2^^(2) 



-B3(RP")/(B3(MP^)) 



2^1(2) 



- (B3(MP^)) 



2\\Ab 



Since (B3(Mp2))(i)/(B3(Mp2))(2) ^ ^^ ^^^ {B^CRP^))^^ ^ Z2 0^2, it follows that the 
quotient B3(Mp2)/(B3(Rp2))(2) is an extension of Z3 by Z2 eZ2. We claim that the 
action is non trivial. To see this, we consider the conjugate of a^ (which is a coset 
representative of the generator of (B3(RP^))(^Y(B3(MP^))(^)) by ai (which is a coset 
representative oiae (B3(Rp2)) ^^): 



4 -1 



Ciu ^(jj_ ^aa^ by equation ^ 



/ 4 — 1 — 4n 4 
(T\\a c-^ a )a -- 

P2^ Pl^ Pl^ Ps^ '^^ ^y Proposition m and equation (|TT|) . 



by equation (JS]) 



Now 



p^VrV^V^^ = P3ip3^P2^Pl^p2^)P3^ = P3 {p3^Bi^2{p2Bi,2p3YHp2pl)~^) p3^ 
= P3 [(p2pi)^ip2Bi,2p3^)~^{p2pi)~^J p3^ by equation ^ 
= p3 ((p2-Bi,2|0^^)"^(|02pi)) p3"^ by equation ^. 

But {p2Bi,2P3^)~'^{p2pi) e (B3(Mp2))(2)from Proposition [H and since (B3(Rp2))(2) ^ 
B3(MP2), it follows that p^'^p-'^p^'^p^'^ e (B3(Mp2))(2) j^^g (^^^4^-1 ^g congruent mod- 
ulo (B3(MP2))(2) to fl-4, and the action of ^ on (B3(Mp2))(i)/(B3(Rp2))(2) is multiplica- 
tion by -1. In particular, B3(Rp2)/(B3(Rp2))(2) is a non Abelian group of order 12. Of 
the three non- Abelian groups of order 12, B3(RP^)/(B3(RP^))(^) cannot be isomorphic 
to A4 since the latter has no normal subgroup of order 3. It cannot be isomorphic to 
Dici2 = Z3 X Z4 (with non-trivial action) either, since Dici2 has a unique subgroup of 
order 3 with quotient Z4. We conclude that B3(Rp2)/(B3(Rp2))(2) ^ Dihi2. By the short 
exact sequence 



(B3(RP2))(2)/(B3(RP2)) 



(3) 



B3(RP2)/(B3(RP2))(3) -^ 

B3(RP2)/(B3(RP2))(2) 



h 



it follows that B3(RP^)/(B3(RP^))^^^ is an extension of Z^ by Dihi2, so is of order 192. 
This proves part (fml). 
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2))(2)/(B3(MP2))(3) 

'^3 ^ Qs given in Proposi 



Z2, follows 



Now let us prove d^. The first part, that (B3 
easily by Abelianising the presentation of (B3(MP^))(^) 
tion[8l Letting (p denote the Abelianisation homomorphism, one observes that (p{zi) = 
(1,0,0,0), cp{z2) = (p{z3) = (0,1,0,0), cp{x) = (0,0,1,0), and cp{y) = (0,0,0,1). The re- 
striction of (p to F3 is surjective onto the subgroup H of (B3(Rp2))(2)/(B3(Mp2))(3) ^ Z| 
generated by the (p{Zi), so H ^ l\. The quotient Q of (B3(Mp2))(2)/(B3(Mp2))(3) by 
H is thus isomorphic to the subgroup of (B3(Rp2))P^/(B3(Rp2))('^) generated by (f{x) 
and (p{y), and so is also isomorphic to l\. Since Qg = (^/J/)/ ^ induces a surjective 
homomorphism '^•. Qg — * Q whose kernel is (x^). But as an element of (B3(Rp2))(2), 
x^ = A3 G Ker (^), and denoting Ker (^ [fj ) by L, we obtain the following commutat- 
ive diagram of short exact sequences: 



L 



■Fq 



(B3(RP2))(3) 



(B3(RP2))(2) 



■<Ai>- 



<? F, 



Qs 



Q 



H (B3(RP2))(2)/(B3(RP2))(3) 



Since A3 = x^ g (B3(Rp2))P), it follows that the upper short exact sequence splits, 
and the fact that (A3) is central implies that the splitting gives rise to a direct product. 
We conclude that (B3(Rp2))P) ^ L ©Z2. Now L is the kernel of the homomorphism 
^ |f3 : F3(zi,Z2,Z3) — > H which under identification of H with Z2 Z2 sends Zi to 
(1, 0), say, and Z2 and Z3 to (0, 1). An application of the Reidemeister-Schreier rewriting 
process shows that L is a free group F9 of rank 9. Thus (B3(Rp2))('^) ^ F9 ©Z2 and 
(B3(RP2))(3)/(B3(RP2))(4) ^ Z^eZz. It is then clear that (B3(Rp2))(0 ^ (F9)('-3) for all 
i ^ 4. From the short exact sequence 



1 -^ (B3(RP2))(3)/(B3(RP2)) 



(4) _^ B3(Rp2)/(B3(Rp2))(4) -^ 

B3(RP2)/(B3(RP2))(3) 



1, 



we see that B3(Rp2)/(B3(Rp2))(4) is an extension of Z^ Z2 by a group of order 192, so 
is infinite. This proves part (|iv)). and completes the proof of Theorem |2l □ 

We obtain easily the following corollary of Theorem |2l 
Corollary 10. Let n e N, n 7^ 4. Then B„(Rp2) is residually soluble if and only ifn ^3. D 
We now turn our attention to the remaining case, n = 4. 

Proof of Theorem\3\ Part (taj follows from the first paragraph of the proof of Proposi- 
tion HI So let us prove part ©. For this, we shall study the following presentation of 
the group (B4(Rp2))(i) which may be deduced from Proposition [121 (the notation a, j6 
etc. is that of Proposition [121): 
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generators: 



Bi 



r]2 



_i _i _i 



B2 = K2= crip2p^ V^ ^ 

B3 = ^2 = ^l|0l|02^i" ^ 
B4 = A2 = 0'ip\0'ip2 

Y\ = 0C2= 0'20'^^ 
Y2 = (^2 = 0'lO'2 



Ci 
C2 



73 



_i _i _i 



K3 = (Tipsp^ V^ ^ 



C3 = % = (ri|0i|03(r^ ^ 
C4 = A3 = (7i|0i(ri|03 
Zi= (X3 = 0-30-^'^ 

Z.2= ^3 = O'lO'S 



V3 = 72 = ^ipi^2(ri Vi f^i Z3 = 73 = (ri|0i(r3(r^ Vi ^^i 



y4 = T2 = (ri|0i(7i(72|0^ V^ ^ 



Z4 = T3 = (7i|0i(7i(73|0^ V^ ^ 



For notational reasons, we set A2 = Xi = X3 = 1. 
relators: 



D2 

D3 
D4 

Ai 

A3 
A4 
X2 
X4 



rii = p^cr^^p:[^cr^^ 
K4 = (rip4p-Vf 1 
^4 = cri|0i|04(r-^ 
A4 = (Tipiaipi 

ni = p\(^i^pi^(^i^ 

Oi = aipipia^'^ 
Ai = (Tipicripi 

Ti = aipialp:['^a:['^. 



Z2X2 z^ 


(22) 


X4y3X4y4-2 


(29) 


(_4X2 C3 


(36) 


X2Z]^Z2 


(23) 


yiZ2yiZ,-iy2-iz-i 


(30) 


X4C3C4-I 


(37) 


Z4X^ Z3 


(24) 


y2Ziy2Z2-iyfiz2-i 


(31) 


D2X4-ID1-I 


(38) 


X4Z3Z^ 


(25) 


y3Z4y3Z3-iy-iz3-i 


(32) 


X2DiD^i 


(39) 


y2yfix2-iyfi 


(26) 


y4Z3y4Z-iy3-iz-i 


(33) 


D4X-ID-I 


(40) 


X2yiX2y2-2 


(27) 


C2X-1C-1 


(34) 


X4D3D4-I 


(41) 


y4y3-ix-iy3-i 


(28) 


X2CiC^ 


(35) 


yiy4-'A-i 


(42) 


y2Aiy3-i 


(43) 


ZiZ-iA-1 


(50) 


Z4B3Z^ B^ 


{57) 


y3A4y2-^A3-i 


(44) 


Z2A1Z3-1 


(51) 


B\X./^j^2 


(58) 


y4A3yfiA-i 


(45) 


Z3A4Z2 A3 


(52) 


B2A1-1 


(59) 


yiD2y4-iD-i 


(46) 


Z4A3Z-IA-1 


(53) 


X4 A4X2 B3 


(60) 


y2Diy3-iD2-i 


(47) 


ZiB2Z4^ B^ 


(54) 


A3B4-1 


(61) 


y3D4y2-^D3-i 


(48) 


Z2BlZn B2 


{55) 


y2-iB2y4-iq-i 


(62) 


y4D3yfiD-i 


(49) 


Z3B4Z2 B3 


(56) 


yfiBiy3-iC2-i 


(63) 


y4-iB4y2-'c3-i 


(64) 


B^ A^ BsX^ 


(72) 


D^ C3" D3C2Z4; Z3" 


(80) 


Y^'B,Y-^Cl' 


(65) 


B-IA-IB4A1X-I 


(73) 


D-IC-ID4C1Z3-IZ-I 


(81) 


Z^ C\ Z3 D2 


(66) 


C4-iB-iciB4y2-iyri 


(74) 


y2ZiZ2yiX2A-iA-i 


(82) 


Z2-1C2Z-1D-1 


(67) 


C3-iB2-iC2B3yfiy2-^ 


(75) 


X2yiZ2Ziy2X2A3"i 


(83) 


Z3-1C3Z-1D-1 


(68) 


C2-iB3-ic3B2y4-iy3-i 


(76) 


y4Z3Z4y3X4A3-i 


(84) 


Z^ C4Z2 D3 


(69) 


Cj" B^; C4Biy3" Y^ 


(/'/) 


X4y3Z4Z3y4A-iA-i. 


(85) 


B4-1A-1B1A4X2-1 


(70) 


D-^C:['D,CiZ^^Z-' 


(78) 






B2A3X^ B^ 


(71) 


D^^C^^D2Co,Z-^Z^^ 


(79) 
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We now Abelianise this presentation to deduce that (B4(Mp2))(i)/(B4(Rp2))(2) ^ Z3. 
We could do this directly, but it will be convenient for what follows to carry out a 
partial Abelianisation first. Let A denote the group obtained from the above present- 
ation of (B4(MP^))(^) by adding the relations that the following generators commute 
pairwise: A,, B,, Q, D,, X,, Z, for i = 1, . . .,4 i.e. all of the generators of (B4(MP^))(^) 
commute pairwise, with the exception of the Y/. From equations (|22l) , (|35|) , (|36|) , (|39|) 
and (|40|) , we have 

X2 = Z2Z-^ = C2q"^ = D2D-^ = C^^C4 = Dj^Di 

and from equations (EH), (|34l), (|3Zl), dill) and gl]), we have 

X4 = Z^^Zr, = C2C1 = D2D1 = Co C4 = Do D4. 

So 



and 



X2 = X4 



Z2Z3 = Z1Z4. 



Now from equations (|42D, (|43D, (|50l), (|5T]) and (|59l), we have 

Ai = B2 = YiXi-i = y2-^y3 = Ziz^^ = Z2-1Z3, 

hence 

Z1Z2 = Z3Z4. 

Multiplying equations (|89|) and (|9T|) yields 



72 _ 72 

Z.1 — Z.O, 



^2 



72 

Z.4. 



Further, from equations (|52D, (|53|, (|58|, dU), dHU, dHZl and dUD, we have 

B4 = A3 = Z3A4Z2 = ZiZ^ A4 

Bi = X2 X4 = Z1Z2 Z3Z4 = Z^Z^ . 

Substituting equations (|90l) , (|93l) and (|94l) into equation (|70|) yields: 

X2 = B4 A.-, B1A4. = A4 Z4Z1 Z4Z^ Z-i^Z^ A4 = 1. 

Hence 

X2 = X4 = 1, Zi = Z2, Z3 = Z4, Zi = Z2 = Zq, = Z4 
Ci = C2, Di = D2, C3 = C4, D3 = D4, Bi = 1 



(86) 

(87) 

(88) 
(89) 

(90) 
(91) 

(92) 



(93) 
(94) 



(95) 
(96) 



by equations dHU, (|8Z|, dHU), (gH) and (EH). From equations ^, (gZl, (HH) and (HD, we 
have Yz = Y^ Yi = Yf, Y4 = Yf, Y3 = YJ, so 



Y2 = Yf 1, Y4 = Y3-1, and Y;3 = 1 for all f = 1, . . . ,4. 
Using equations (|30l) , (|3T|) and (|95l) , we see that 

1 = YiZ2YiZ-1Y2"^Z-i = YiZiYiZ-^YiZ"^ 
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(97) 



(98) 



and 



Inverting equation ([99|) and conjugating by Z^ , we obtain 



1 = YiZiYiZ-^YiZi. 



Comparing equations (|98l) and (|100|) yields 



Zf = 1. 



From this and equations (|90|) and (|95l) , it follows that 



Af = 1. 



By equations &, &, (|90D, (|83D, (|93D, (|95D, (|9ZD, (ITOTl) and (11021) , we see that 



Ai = A4 = B2 = B3, A3 = B4 = 1. 



Now 



Ci = Y2^B2r^^ = Y1A1Y3 = Yf 1Y3-1 
by equations (|42|), dlH), (gZl) and (fT04l) , and 

C3 = Y-IB4V2"' = ^3^ 



by equations (|64l) , (|97|) and (|103|) , hence 

Ci = C2 = C3 = C4 
by equation (|96l). Similarly, 



Di = Z2"^C2Z-i = Z-^Yf ^Yg-^Z-i 



by equations ((SZD, (|95D, (|96D and (fl04|) . and 

D3 = Z-IC4Z2-1 = Z3-IY3Y1Z-1 



by equations (|69D, (|95D, (|96D and (fl05|) . hence 



Di = D7 = Do 



d: 



(99) 

(100) 

(101) 

(102) 

(103) 
(104) 

(105) 
(106) 
(107) 
(108) 
(109) 



by equations ^, (EH) and (ITOTI) . Using equations ^, (gZl, (IT02l) , (IT03l) , (IT05l) and 
(ITO6I) , we see that 

1 = Yf IY2-1 = B3-IC2-IB2C3 = AiC2-^AiC3 = Cl = {YsYif. 

Hence Y3Y1 = Y-^Y^\ and so 

Ci = C2 = C3 = C4, Di = D2 = D3 = D4 (110) 



by equations (|106|) , (|107|) , (|108|) and (|109|) , as well as the fact that C2, C4, Z2 and Z4 
commute pairwise. We deduce also from equations (|109|) and (|110|) that Df = 1 for 
all z = 1, ... ,4. Let C (resp. D) denote the common value of the Q (resp. D,), and let 
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A = A\ = A4 = B2 = B3. Running through the relations (|22|) - (|85l) one by one, we see 



that our group A has generators Yi, Ys, T\, Z3, A, C and D with the following defining 
relations: 

' Yl = Y| = (YiZi)3 = {Y^Zsf = Z? = Z2 = a2 = C2 = d2 = 1 
< A = CD = Y^Ys = Z{L^, C = Y^Y^, Y.DY^D = 1, (YgYi)^ = 1 (111) 

A, C, D, Zx and Z3 commute pairwise. 

Notice that we may write D = Y3Y1Z3Z1, and so Yi, Y3, Zi, Z3 generate A. 

If we now Abelianise (B4(RP^))(^) completely by adding the relations that the Y/ 
commute pairwise with each of the generators of A, we see that A = C = D = 
Zi = Z3 = 1, Y3 = Y:[^,Y^ = 1, and thus {Bi{RP^))^^^ /{Bi{RP^)Y^^ ^ Z3. We un- 
derline the fact that under the complete Abelianisation of (B4(RP^))(^), the generat- 
ors Ai, Bi, Ci, Di, Xi, Zj, i = 1, ... ,4, of (B4(RP^))(^) are sent to the trivial element, and 
Yl, Y2"\ Y3-1 and Y4 are sent to the same generator of (B4(Mp2))(i)/(B4(Mp2))(2). Taking 

h = p30'20'i = (72~ o'l Pi e B4(RP^) which we know to be of order 12, consider b^. Since 
b^ = P3P2P1 by Remarking), we have 

b^ = P3P2Pi.p3cr2cri = C1B4A1C4Y1X2 e {Bi(RP^)f\ 

Under Abelianisation, b^ is thus sent to the (B4(RP^))P)-coset of Yi which is a gener- 
ator of (B4(Rp2))(i)/(B4(Rp2))(2). Since b'^ is of order 3, it follows that the short exact 
sequence 

1 -^ (B4(Rp2))(2) -^ (B4(Rp2))(i) -^ (B4(Rp2))(i)/(B4(Rp2))(2) -^ 1 

splits, and hence 

(B4(Rp2))(i) ^ (B4(Rp2))(2) X Z3, 

where the action on (B4(RP^))P) is given by conjugation by &^. This proves part db])©. 
To prove part ©du]), consider the short exact sequence 

1 -^ (B4(Rp2))(i)/(B4(Rp2))(2) -^ B4(Rp2)/(B4(Rp2))(2) -^ 

B4(Rp2)/(B4(Rp2))(i) -^ 1. 

As in part IQ^ of the proof of Theorem^ since (B4(Rp2))(i)/(B4(Rp2))(2) ^ Z3 and 
B4(RP2)/(B4(RP2))(1) ^ 22 Z2, to prove that B4(Rp2)/(B4(Rp2))(2) ^ Dihi2, it suf- 
fices to show that the action of B4(RP^)/(B4(RP^))*-^) on the kernel is non trivial. To 
achieve this, notice that the action by conjugation of Ci (which is a representative of the 
generator a of B4(RP^)/(B4(RP^))(^)) on Yi (which from above is a representative of a 
generator of (B4(Rp2))(i)/(B4(Rp2))(2)) is given by c^iYiCJf ^ = (ri(72(rf2 = Y2X2"^ Now 
modulo (B4(Rp2))(2^ Y2X^ is congruent to Y2, which in turn is congruent to Y^~ . The 
action of B4(Rp2)/(B4(Rp2))(i) on (B4(Rp2))(i)/(B4(Rp2))(2) is thus non trivial, which 
proves that B4(Rp2)/(B4(Rp2))(2) ^ Dihi2, and completes the proof of part ©(El). 

To prove part ©dm]), let n = 4 in the commutative diagram dll) of short exact se- 
quences. Recall that in the lower sequence, (B^CRP^)^ ^^ ^ Z2 0Z2 is generated by 
two elements a and p, Ker (t) = (p), and T{a), which we also denote by a, is the gen- 
erator of the quotient (B4(Rp2)) ^^/ (p). From the discussion following equation (|9|), 
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K is of index 2 in P4(RP^). Furthermore, the homomorphism oc' sends the generator 
Bi^j, 1 ^ / < ; ^ 4 (resp. p]^, 1 i^ k i^ 4) to the trivial element of (jo) (resp. to p). This 
diagram may be continued vertically by taking commutator subgroups successively; 
in this way, we obtain the following commutative diagram of short exact sequences: 

1 K" (B4(RP2))(3) ; 



-X' 



(B4(RP2))(2) -ZseZz' 



(112) 



^^^m 



-^ A4 



1 ^K -(B4(RP^)) 

The vertical arrows are inclusions, and K' (resp. K") is the kernel of the restriction of 
T to (B4(RP2))(2) (resp. to (B4(Rp2))(3)). So K" = (B4(Rp2))(3), and since the index of 
(B4(RP2))(2) (resp. Z2 0^2) in (B4(Rp2))(i) (resp. A4) is three, we deduce that K' = K, 
which proves part (|b|) (|iii|) . 

We now prove part (jcj). We start by studying the quotient (B4(Rp2))(i)/(B4(Rp2))(3). 
As we saw above, the elements Ai,Bi,Ci,DyXi,Zi, i = 1, ...,4 of (B4(Rp2))(i) are 
sent to the trivial element of (B4(Rp2))(i)/(B4(Rp2))(2), and so belong to (B4(Rp2))(2). 
Hence considered as elements of (B4(Rp2))(i)/(B4(Rp2))('^) they commute pairwise (we 
shall not distinguish notationally between elements of (B4(Rp2))(^) and their cosets in 
(B4(Rp2))(i)/(B4(Rp2))(3)). These were precisely the relations that we added to those 
of (B4(Rp2))(^) in order to obtain the presentation (|111|) of A, and thus the relations of A 
hold in (B4(RP2))(1)/(B4(RP2))(3). In particular, (B4(Rp2))(i)/(B4(Rp2))(3) is a quotient 
of A. 

Since Zi,Z3 e (B4(Rp2))(2), we have that YiZiYf^YiZsYfi e (B4(Rp2))(2). Let G 
denote the group obtained from A by adding the following relations to the presenta- 
tion dm]) of A: 



Zi,Z3, YiZiY^ ,YiZ3Y^ commute pairwise 
and commute with Z\, Z3, A, C and D. 



(113) 



Once more, considered as elements of B4(Rp2), Zi, Z3, Y^ZiY^ , YiZ3Y^ , A, C and D 
belong to (B4(Rp2))(2), and so the commutation relations of equation (|113|) of G also 
hold in (B4(RP2))(1)/(B4(RP2))(3). This implies that (B4(Rp2))(i)/(B4(Rp2))(3) is also a 
quotient of G. 

We now determine G and its relationship with (B4(Rp2))(i)/(B4(Rp2))(3). Let L be 
the group with generators Wi, W2, W3, W4, t and defining relations: 



for all 1 ^ i,i i^4,w~ = t= 1, wiWj = WjWi, 

tWit~^ = W2, tW2t~^ = W\W2, tW3t~^ = W4, tW4t~^ = W^tW/^. 



(114) 



Clearly L is isomorphic to l!^ x Z3, where the action of conjugation by t on (jvi, . . . , 1^4) 
permutes cyclically the elements W\, W2 and W1W2 (resp. w^, W4 and W3W4). We define a 
map ip : L — > G on the generators of L as follows: 

^(wi) = Zi, il^{zv2) = YiZiY-\ xj^izvs) = Z3, ij^izvi) = YiZ3Yf \ il^{t) = Yi. 
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Since Z^ = Z3 = 1 and Y^ = 1 in G, we clearly have {ip{wi))'^ = {tp{t))^ = 1 for 
i = 1, ... ,4. The relations (|113|) of G imply that the ip{iVi) commute pairwise. Further, 
^{t)^{wi){xlj{t))~^ = 1/7(^2) by definition, and 

= lp{Wi)lp{W2), 

using the relations Y^ = 1 and (YiZi)^ = 1 of (|111|) . Similar relations hold for W3 and 



W4, and hence ip extends to a homomorphism from L to G. Now ip is surjective because 
the generating set {Zi, Z3, Yi, Y3, A, C, D} of G may be reduced to {Zi, Z3, Yi, Y3} using 
the relations (fTTT]) . Thus G is a quotient of L, and hence (B4(Mp2))(i)/(B4(Rp2))(3) ig 
also a quotient of L. 

Let us now show that the groups L and (B4(RP^))(^-'/(B4(]RP^))('^'' are isomorphic. 
Consider the map (p: (B4(Mp2))(i) — > L defined on the generators of (B4(Mp2))(i) as 
follows: 

cp{X2) = cp{X^) = cpiAs) = cp{Bi) = (p{B^) = 1 

(p{Ai) = (p{A^) = (p{B2) = (piBs) = ZV1ZV3 

(p{Ci) = (p{C2) = (piCs) = (p{Ca) = W1W2W3W4: 

cp{Di) = cp{D2) = (p{D3) = cp{Di) = W2iVi ^ ^ 

(p{Zi) = (p{Z2) = wi, cpiZs) = (p{Z^) = Wo, 

Cp{Yi) = t, (p{Y2) = t^, CpiY^) = {WiW2W3W4)t^, (p{Y^) = {WiW3)t. 

A long but straightforward calculation shows that each of the relators (f22|) - (f85l) of 
(B4(MP^))(^) is sent to the trivial element of L, and hence cp extends to a surjective ho- 
momorphism of (B4(RP^))(^-' onto L. Such a homomorphism sends ((B4(MP^))(^))(^-' = 
(B4(MP^))('^) surjectively onto L^^). However L^) is trivial, so cp induces a surjective 
homomorphism '^ of (B4(RP^))(^)/(B4(RP^))('^) onto L, and hence L is a quotient of 
(B4(MP2))(1)/(B4(RP2))(3). Since L is finite and (B4(Rp2))(i)/(B4(Rp2))(3) is a quotient 
of L by the previous paragraph, we conclude that 

{Bi{RP^))^^^ /{B^{RP^jf^ ^ L ^ Z| X Z3, (116) 



where the action is given by equation (|114|) . Further, xp : L — > G is surjective and 



(B4(RP2))(1)/(B4(RP2))(3) is a quotient of G, so G = (B4(Rp2))(i)/(B4(Rp2))(3). An 
easy calculation shows that ip~^ = ^. From the short exact sequence 

1 -^ (B4(RP2))(2)/(B4(RP2))(3) -^ (B4(RP2))(1)/(B4(RP2))(3) -^ 

(B4(RP2))(^V(S4(KP^))^^^ -^ 1, 

we see that (B4(Rp2))(2)/(B4(Rp2))(3) ^ Z|. It follows from the form of the isomorph- 
ism that the Z2-factors of (B4(Rp2))(2)/(B4(Rp2))(3) are generated by the elements Zi, 
Z3, YiZiY^~ and YiZ3Y^~ , and their images under '^ are wi, W3, W2 and Zf4 respect- 
ively In particular, ^(^(B4(Rp2))(2)/(B4(Rp2))(3)^ = (wi,W2,iV3,W4}. This completes 

the proof of part dc). 

We now prove part ddj. Consider the commutative diagrams (JH) and (|112|) . Since 
K = K' from part ©dm]) above, we have that K c (B4(Rp2))(2) n P4(Rp2). Conversely, 
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since the homomorphism (B4^(RP^)y^' — > Z2 0^2 of equation (|112|) is the restriction 



of the permutation homomorphism t: B^iRP^) — > S4 to {B^{RP^)Y^\ it follows that 
any element of (B4(Mp2))(2) n P^iRP^) also belongs to K, and thus 

K = (B4(MP2))(2) ^ p4(Mp2^. (117) 

Further, from the upper exact sequence of equation (|112|) , (B4(Rp2))(3) ^ j;^^ ^j-^^ since 
(B4(MP2))(3) is normal in B4(]Rp2), we obtain 

1 ^ K/(B4(Rp2))(3) -^ (B4(Rp2))(2)/(B4(Rp2))(3) ^ (B4(Mp2))(2)/i<c ^ 1 

by taking the quotient by (B4(Mp2))(3) of the first two terms of the middle short exact 
sequence of equation (|112|) . In particular, i<C/(B4(Mp2))('^) ^ Z2 ©Z2, and we have a 
short exact sequence 

1 ^ (B4(Rp2))(3) — ,K — > 220^2 — ^1. (118) 

Recall that the Z2-factors of (B4(Rp2))(2)/(B4(Rp2))(3) are generated by Zi, Z3, YiZiYf ^ 
and Y\Z^Y^ . Using equation (|117|) and the expressions for Zi,Zo, and Yi in terms of 
the standard generators of B4(Rp2), we conclude that 

i<:/(B4(Rp2))(3) = |l,ZiZ3, YiZiZsYf i,ZiZ3YiZiZ3Yf 1} . (119) 

We now apply the Reidemeister-Schreier rewriting process to the leftmost vertical 
short exact sequence of dH) to produce a set of generators of K. Taking {l,pi} as a 
Schreier transversal of (p) in P4(Rp2) and {B^y, pj^ \ 1 ^ z < ; ^ 4, 1 ^ /c ^ 4} as a gen- 
erating set of P4(Rp2), we see that the following elements constitute a generating set 
oiK: 

Bi,2 = X2, Bi,3 = YiX2Yf 1, B14 = Z1Y2X2Y2-IZ-1, B2,3 = Y1Y2 

^2,4 = ■ZiY2YiZ^ , B3^4 = Z1Z2, P1B12P1 = A1X4A:," 

piBi,3Pi^ = A1Y4X4Y4-IA-I, ^iBi,4^-i = A1Z4Y3X4Y3-IZ-IA-I (120) 

pI = AiAi, pi = B1B4, pI = C1C4, pI = D1D4 

P1P2 = A1B4, pip3 = A1C4, pip4 = A1D4. 

Note that we have also written each element in terms of the generators of the presenta- 
tion of (B4(Rp2))(i) given at the beginning of the proof, we have deleted piB2,3Pi^ and 

-1 

Pi^s^iPi from the list of generators that appear initially in the process, and that for 
i = 2,3,4, we have replaced pip:['^ by pf = pip-^.pipi. Since (B4(Rp2))(3) c P4(RP2), 
we may consider the image of (B4(Rp2))(3) in P3(Rp2) and P2(RP^) under the projec- 
tions 

P3: P4(Rp2) — > P3(Rp2) and j)2- P^i.RP'^) — > P2(RP^) 

obtained geometrically by forgetting the last string in each case. We claim that p2 ° 
P3 f(B4(Rp2))(3) j = (P1P2) = Z4. To see this, we first use equation (|118|) and the 
Reidemeister-Schreier rewriting process to obtain a generating set for (B4(Rp2))(3). 



This is achieved as follows. From equation (|120|) , we see that the elements of the set 



r = |l, P2pi \ p2Pi ^- p3Pi \ P2P1 ^. p3Pi ^- P1P2 ^ } 
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belong to K. Equations (|115|) and (|119|) give rise to the following commutative diagram: 

i<C/(B4(Rp2))(3) (B4(Rp2))(2)/(B4(Rp2))(3) ^ (B4(Rp2))(l)/(B4(Mp2))(3) 



{W1W3, 'W2WiC} 



{Wi\ z = 1,...,4>- 



u 



where the horizontal arrows are inclusions, and the vertical arrows are the isomorph- 
isms induced by ^: (B4(Rp2))(i)/(B4(Rp2))(3) — , l. Equation dHOD yields p2p^^ = 
BiA^^ and psPi^ = CiA^^, and considering the i<C/(B4(Rp2))('^)-cosets of these ele- 
ments and applying equation (|115|) , we obtain '^{p2Pi^) = IV1W3 and '^(p^p^^) = W2W4. 
It follows that T is a Schreier transversal for i<C/(B4(Rp2))('^) in K, which enables us to 
write down a generating set E for (B4(Rp2))P). However, to prove the claim, we do not 
need to study the whole list of generators. On the one hand, applying the description 
of the generators of K given by equation (|120|) , the isomorphism ^ and equation (|115|) , 
we see that the elements of 

^ = |Bi^2/Bi,3, Bi4,B2,3, B2,4,|0iBi^2|0i~ ,PlBi^3p^ /|0lBi,4|0^ >PvPl'P?,'P4:\ 



belong to (B4(Rp2))P), and appear as elements of E. Moreover, it is clear that these 
elements are mapped into <A2) under p2 o P3 since |o2 = |o2 = A2 in P2(Rp2). The other 
elements of Z obtained by applying the Reidemeister-Schreier process to an element 
u eU are just conjugates of u (the conjugating elements being the non-trivial elements 
of T), so also belong to (B4(Rp2))('^), and since (A2) is Abelian, these elements of E will 
lie in (A2), which is contained in (pip2}- Hence it suffices to consider the elements of E 
obtained by applying the Reidemeister-Schreier rewriting process to the three remain- 



ing elements piPi, i = 2, 3, 4, of equation (|120|) . To do this, note that under identification 
of (B4(RP2))(1)/(B4(RP2))(3) with L, the elements of T project respectively to 1, W1W3, 
WiW2'W3W4^ and W2W4, while pip2 projects to W1IV3, pip^ projects to W2'W4, and |0i|04 pro- 
jects to WiW2W3W4^. The non-trivial elements of E arising as conjugates of pipi are as 
follows: 

(a) i = 2: pip2plP2\ pi p2pi^p3Plp3^Plp2^, p2p^^P3p2^PlplPlp3^plp2^- 

(b) i = 3: pip3P2p3^plp2'^r P2p3p\p3^plp2^, p2p^^ plplp2^ , P2pi^p3p2^plp3- 
(C) i = 4: |Oi|04|Ol|03"VlP2^^ PlP^Plp3^PlP2^, P2pi^p3pA, PlPi^ P3P2^ P\P^P\P2^ ■ 

Under the projection p2 o P3/ the elements for the cases z = 2, 3 project to elements of 
(A^), while those for the case i = 4 project to pip2 or its inverse. We conclude that 

P2 o P3 ( (B4(Rp2))(3) j = (P1P2) = ^4, which proves the claim. Thus the restriction 



P2 p,(iB,iRp2))i^)) ■■ P3((B4(RP2))(3))^<pip2> 

of p2 to p3 ( (B4(Rp2))(3)') is surjective. 
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Now consider the following commutative diagram of short exact sequences: 



-^ Ker ( p2 



P3((B4(RP2))(3)) 



■F2(^3.B2,3) 



P3 (B4(MP^ 



■P3(MP2) 



P2 



P3 



-^ (PIP2) ■ 



Vi 



P2(MP2) 



— ^1. 

(121) 
The lower short exact sequence is that of equation (|2]) with m = 2 and n = 1 (here 
P* = Pi)/ while the vertical arrows are inclusions. It follows that 



Ker (p2 



P3((B4(KP2))(3)) 



P3 ({Bi{RP^)fA r^¥2{p3,B2,3). 



(122) 



Since K cz P4(RP^), ps restricts to K, and we have the following commutative diagram: 



(B4(MP2))(3) ^ P3 ((B4(MP2))(3) 



K- 



P3\k 



(123) 



-P3(MP^). 



Again the vertical arrows are inclusions. Considered as elements of P4(RP^), B/y, 1 ^ 
i < i ^ 3 and pkP4:, 1 ^ k ^ 3, belong to K by equation (|9]), and we deduce that the 
restriction of p3 to K is surjective. Since (B4(RP^))(^^ is of index four in K, we conclude 

that p3 ('(B4(Rp2))(3)') is of index at most four in PsiRP^). 

Conversely, consider the Abelianisation of P3(RP^). From equation (|TOl) and the 



action of Qg on F2(|03, B2,3) described by equations (|T5l) , ((171) and (|T8l) , we see that 
(B3(RP2)) Ab ^ zl, and that the Abelianisation homomorphism n: PsiRP^) — > Z^ 
sends each of pi, i = 1, 2, 3, to a distinct Z2-factor, and the B, y, 1 ^ z < ; ^ 3, to 
the trivial element. Under p3, the elements of E are sent to the trivial element of Z2, 
with the exception of those elements obtained via the Reidemeister-Schreier rewriting 
process using pip^, which are sent to (1, 1, 1). It follows that 



n (p3 ((B4(RP2))(3))) = <(1,1,1)> ^ Z2, 



and so n (p3((B4(RP^))('^))j is of index four in Zj. We conclude from the following 
commutative diagram: 



P3 



((B4(RP2)) 



(3) 



■PsiRP^) 



7r(p3((B4(Rp2))(3))) 



£ij, 



whose horizontal arrows are inclusions and whose vertical arrows are surjections, that 
P3 ( (B4(RP^))(^) j is of index at least four in P3(RP^). From the previous paragraph. 
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we conclude this index is exactly four, and since (pipi) is of index two in P2(MP^), 
it follows from equations (IT2T1) and (IT221) that ps ('(B4(Rp2))(3)') n F2(|03,B2,3) is of 
index two in F2(p3, B2,3)- Since 62,3 ^ ^ (^s an element of P4(MP^)), we have that 
^2,3 ^ P3 ( (B4(RP^))('^) ) (as an element of P3(MP^)). Thus under the canonical homo- 
morphism 

F2(P3,B2,3) -^ mP3>B2,3)/{p3 [iBi(MP^)f^) n F2(p3,B2,3)) = ^2, 

B2,3 is sent to 0, so p^ must be sent to 1, and hence the kernel of this homomorphism is 
given by: 

P3 ((B4(MP2))(3)) nF2(^3,B2,3) = F3(B2,3,^i,^3B2,3^3-'). (124) 

From equation (|120[) , p4,p3p2Pi = D1C4B1A4, and using equation (|115|) and the iso- 
morphism of equation (|116|) , we see that PAP3P2P1 e (B4(RP^))(^), and so P3P2P1 ^ 
P3 (^(B4(RP2))(3)) and p2pi e P2 o P3 ((B4(Rp2))(3)V But we know that each of these 
three elements is of order four in its respective group IIGG41 Proposition 26 and Re- 
mark 27], and hence it follows from the upper sequence of equation (|121|) and equa- 
tion (fT24l> that 

P3 ((B4(RP2))(3)) ^F3XZ4. (125) 

We shall determine the action shortly. Returning to equation (|123|) , both of the hori- 
zontal restrictions p3 /g (Rp2))(3) and p3 \k are surjective, and since (B4(RP^))('^) (resp. 

p3((B4(Rp2))(3)))is of index four inK(resp. P3(Rp2)), we obtain Ker (p^ ^Bi{RP^))(^)) = 
Ker (p3 |x ). Thus from the upper homomorphism of equation (|123|) and equation (|125|) , 
we have a short exact sequence 



Ker (p 



3 K, 



(B4(RP2))(3) 



P3 



(B4(EP2))(3) 



Fq XZ, 



'4 



From equations (|121[) , (|122[) and (|124|) . a basis of the F3-f actor of the quotient is given by 

) ^2,3/ P3/ P3B2,3|0^^ [, and by (|121[) and the above discussion, we may take a^ = P3P2P1 

to be a generator of the Z4-factor. Using equation (JZJ), we see that the action of Z4 on 
F3 is given by 



a^B2,3a ^ 

3 2—3 

a^pi^a ^ 



B 



-1 

2,3 
2 



P3^ (126) 

a^p3B2,3p3^a~^ = p^^.p3Bllp^\pl 
Consider the map s : F3 x Z4 — > (B4(RP^))*^'^) defined on the generators of F3 x Z4 by: 

XI >X for X G |B2,3, pI, p3B2,3p3^ } 



Note that the elements on the right hand-side are considered to be elements in B4(RP^). 
Using the given generating set of K, we have 



B2,3 = YiYi, pI = C1C4, ^3^2,3^3"^ = CiYaY3C:[\ fl^ 



PaP3PiPi = D1C4B1A4. 



26 



By equations (|115|) and (|116|) , we see that these elements belong to {B4^(RP^))^^\ so the 
map s is well defined. Using equation ((7| once more, we see that the action oia^ = s (fl^) 

(which is of order 4) on s(x), x e 1 62,3, p^, p3B2,3p^ \, is also given by equation (|126|) , 

up to replacing a'^ by fl"^. This shows that s extends to a homomorphism from ¥3 x Z4 

to (B4(MP^))('^). It is then clear that s is a section for p3 



(B4(RP2))(3) 



, and hence 



(B4(RP2))(3) ^ Ker (pg |j^) x (F3 x Z4). 
From the following commutative diagram of short exact sequences. 



■ Ker (p3 



a' F 



]<: 



K- 



P3{^P^) 



)^F5 -Ker(p3)^F3^<;o> -1 



■P4(RP2) ^^<|0> -1 

P3 

■■P3{^P^) 



P3\k 
2^ 



we see that Ker (p3 |x ) is also the kernel of the restriction of a' to Ker (ps) which is the 
free subgroup of P4(RP^) of rank three with basis {614,62,4,104}. It thus follows that 

Ker (p3 \k) is a free group of rank five with basis \Bi^/^,B2,a,p\,PaB\,aP^ /Pi^^i^P^ \- 
We conclude that 



(B4(RP2))(3) ^F5(Bi,4,B2,4.^i^4Bl,4^4-l,^4B2,4^4"') >< {^^2,3, pl P3B2,3P3') >^ ^4 

= fe(Bl,4'-B2,4'|04'|04Bl,4|0^^ ,0462,4^4:^) X F3(B2,3/p3' P3B2,3|03"^)) X ^4- 



(127) 



As we already mentioned above, P4P3P2P1 belongs to {B4^(RP^))^^\ and it projects to 
the generator of the Z4-f actor of p3((B4(MP^))('^)), so may be taken as a generator of 
the Z4-factor in equation (|127[) . To determine completely (B4(RP^))('3), it just remains 
to calculate the actions. By equation ^, the action of Z4 on the given generators of 

F5 X F3 is: 



Bi4 I — > p^.B^^^.p^- 



pI 



Pa' 



1^-1 



^4^2,4^4 ' ^ P4Bl,4|04 . 1O4B2 4P4 . Pi^i^^p^^ 



pI 



P3 



^2,4 
P4B\,AP^ 

^2,3 
P3B2,3P3^ 



1O4.B14. B24.Bj4.lO4 



1^-1 



1O4B14P4 



B 



2,3 



P3^-^3B93V3^-P3' 



(128) 
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and so the action of Z4 by conjugation on the Abelianisation of F5 x F3 is — Id. As for 
the action by conjugation of F3 on F5, we have: 



1,4 



^2,3 : ' 



'2,4 



Bl,4 

Pa- ^lA- ^2,4- ^i,A- Pa 



pI 



-1 

P4:Bi,aPa 

-I 

Pa^iaPa 



1 

Pa^\,aPa 

Pa ■ P^^iaPa ' P'^^iaPa ' P4B141O4 • Pa ' 



B 



P3'B2,3P3 ^ : ' 



2,4 



pI 



pI 



-1 

Pa^iaPa 

-1 

PaBiaPa 

Bl,4 >- 

B2A <- 



pI 



(129) 



(130) 



Si,4 I — ^B^A ■ Pa ■ Pa^iaP^ ' P^^iA^^ ' ^2,4 ■ Pa^iaPa ' 

Pa^iaPa ' Pi ' ^14 ■ Pa ' P4:B2^aPa ' P^^iaPa ' ^ia ' 

Pa^iaPa ' P^^iaPa ' Pa ' ^2,4 

~^^2A ' Pi ' P^^iAPi ' Pi^iAPi ' ^2,4 • Pa^iaPa ' 

Pa^iaPa ' Pi ' ^2,4 

~^^2A ' ^lA ' Pi ' P^^ZiPi ' Pi ' ^1'4 ■ ^2,4 • Pi^iAPA ' 

^lA ' Pi^hiPi ' Pi^lAPi ' Pi ' ^2,4 
-^Pi^lAPi 

~^^2A ' ^lA ' Pi ' Pi^^APi ' Pi ' ^1,4 ■ ^2,4 

^PiBl,APA ■ PiB2APA ' ^2 A ' ^1'4 ■ ^2,4 • PA^^^APi ' 

Pi^XiPi 
^PaB\,aPa ■ PiB2APA ' ^2A ' ^lA ' ^2,4 ■ ^1,4 • ^2,4- 

PiB2,ApA -pi^uPi 

^PaBi,aPa ■ PiB2APA ' Pi ' PiB2APi ' P^^lAPi 
Pi^lAPi ' ^Pi^lAPA 

-I -I 

PaB2aPa ' — ^PaB2aPa ' 

using the relation Bxa^B^^a^j^^a = Pa^ iri Pi{M.P'^). In all cases, the action of the given 
generators of F3 on the Abelianisation of F5 is trivial. We thus conclude that 

((B4(Mp2^)(3)Vb = (B4(MP2^)(3)/(B4(RP2^))(4) ^ ^8 ^ ^^^ 

the Z2-factors arising from the fact that the action of Z4 on F5 x F3 is — Id. Consider 
the following short exact sequence: 



(131) 



(B4(MP^)) 



2^^(4) 



(B4(ffiP')) 



2^^ (3) 



(B4(MP^))^^V(B4(^P )) 



2^^ (4) 



1. 



The Z4-f actor of (B4(Mp2))(3) is mapped bijectively onto the Z4-f actor of the quotient 
(B4(MP2))(3)/(B4(RP2))(4), so the kernel (B4(Rp2))(4) of the projection (B4(Mp2))(3) — . 
(B4(Mp2))(3)/(B4(Rp2))(4) ig the restriction of this projection to F5 x F3. From the form 
of the action of F3 on F5, this restriction is the composition of the Abelianisation F5 x 



28 



Fs — > Z^ © 1?, followed by the homomorphism 1? ®Z^ — > Z^ ® Z^ which takes 
the coordinates modulo 2. We see that 

(B4(MP2))(4) ^ ]Fi29 X Fi7, (132) 

where F129 (resp. F17) is the kernel of the restriction F5 — > 7^ (resp. of F3 — > Z2) of 
this composition to the first (resp. second) factor, and the action is that induced by that 
of F3 on F5. It is then clear that for all i ^ 0, (B4(Rp2))(4+0 ^ (F129 x Fi7)('). This 
completes the proof of part ^, and thus that of Theorem |3l D 

Remark 11. In order to decide whether B4(MP^) is residually soluble, it would be useful 
to know the form of the action in equation (|132[) . If the product F129 x F17 were almost 
direct {i.e. the action of F17 on the Abelianisation of F129 were trivial) then B4(RP^) 
would be residually soluble | |FR1| . However, this is not the case. To see this, first 



consider the following basis {e\,. . . ,e^) of F5: 

e\ = Bl,4/ ^2 = ^2,4/ ^3 = PiBi^iPl . 1O4B241O4; . 1O4, 

64 = 1O4B141O4 ^ and £5 = |04B2,4|0^^. 

From equation (|131[) , the action of p^ by conjugation on this basis is given by the fol- 
lowing automorphism of F5: 

" ei I — > ejsfi^el^exe^e'l'^el^ 



<?pl 



ei I — > e^e^e^ ^e^ '^e2e\e2e^ ^e^ ^ 



£3 I — > e^e^e^e^ e^ 
£4 I — > £4 

^5 ' > ^5- 



1^-1 (134) 



It follows from the form of the projection F3 — > Z\ that p^ belongs to the kernel F17. We 
will calculate the action of the corresponding automorphism cp i on a certain element 

of F129. To do this, we first determine a basis of F129 using the Reidemeister-Schreier 
rewriting process. A suitable transversal for the kernel of F5 — > Z^ relative to the basis 
of equation (|133|) is the word 



T = e\e2e\eo,eie2e\e^e\e2e\eo,e\e2e\ec^e\e2e\e^e\e2e\e^e\e2e\eo,e\e2e\. 

Let To denote the empty word, for i = 1, ... ,31, let t, be the subword of t consist- 
ing of the first i letters, and let w denote the Schreier representative of the word w = 
w{ei, . . . ,e^). Deleting the trivial elements that appear in the set 



{xiejiTiej)-^ I ^ z ^ 31, 1 ^ ;■ ^ 5} , 



gives rise to a basis of F129, and thus a basis for the Abelianisation Z129 of F129 (we shall 
not distinguish notationally between a basis element of F129 and its projection in ^129)- 
Using equation (|134[) , a long but straightforward calculation in Z129 shows that 

(Pp4(T5e3T2"^) =e2^T^'^. T3eiT2"^. T2e2Tf ^. Ti^i. e2T3"^. T4e2"^T7"l T5eiT4"^ T4e2T7"^ 
TveiT^'^. T6e2T5"^. Tse^T^'^. 

Each of the terms appearing on the right hand-side of this equality, as well as T5e3T2~^, 
belongs to the given basis of Z129, and so the induced action of F17 on Z129 is non trivial. 
This proves that the semi-direct product F129 x F17 is not almost direct. It thus remains 
an open question as to whether B4(MP^) is residually soluble. 
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4 A presentation of T2{Bn{RP^))r n > 3 

In this section, we derive a presentation of T2 (B„ (RP^) ) obtained using the Reidemeister- 
Schreier rewriting process. 

Proposition 12. Letn ^ 3. The following constitutes a -presentation of the group T2{Bni^P'^)): 

generators: 

oci = CTiCr^'^, 7f = (ri|Oi(r;(rf Vr^f^r^ fori = 1,. . . ,n-\ 

Pi = axCTi, Tf = (ri|Oi(ri(r;|0- Vf ^ fori = \,...,n-\ 

f]j = pja{^p:[^(r:[^, dj = aipipjcr^'^, Ay = aipiaipj forj = l,...,n 

Kj = aipjp:[^a:[^ forj = 1,..., n. 

To simplify the expression of the relators, we set ai = 71 = ki = 1. 
relators: 

(a) For all 1 ^ i,; ^ n — 1, |i — i\ ^ 2, 

<^i^i^i^<^f' ^i'^i'^T^^f' 7iTjTr^7y\ Tijjj^hf\ 

(b) For alll^i ^n-2, 

(c) For alll !^i i^n — 1 and 1 ^ / ^ n with j ^ i, i + 1, 

'^i^Fi'^V^^' Mil7^^^\ li^i^T^^i^' Tf^ya-U-i. 

(d) For alll ^ i ^ n — 1, 

f^T'^r^r'nli^ ^'vni'^r, T-'^rfi-'e-^\. j-'Or'^-'K+v 

(e) For alll ^ i ^ n — 1, 

(f) (i) Ifn is even, 

P2OC3 ■ ■ ■ Pn-20Cn-\pn-l0^n-2 ' ' ' pSt^l^l^i^^i^ > h'^1 ' ' ' K-n-l^n-lOCn-lpn-l ' ' ' (XS^lO^^ 
T273 • • • T„_27w-lT„-l7«-2 • • • T372Ti0^^ T172 • • • 7«-2T„_i7„_iT„_2 • • • ^S^lVi^K^- 

(ii) If n is odd, 

1620:3 • • • ft;„_2i6„_ia„_i|6„_2 • • • ^Sl^lpl^i^Vl^' h'^2 ' ' ' Pn-l0Cn-lPn-\0Cn-2 ' ' ' OC^^l^i^ 
T273 • • • 7«-2T„_l7„_lT„_2 • • • T372Tie^\ T172 • • • T„_27„-lT„_i7„_2 • • • 73X2?/]"^^^. 
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Remark 13. The above presentation may be used to show that r2(B„(MP^)) is perfect 
for n ^ 5. 

Proof. Taking the standard presentation of B„(MP^) given by Proposition HI and the 
set {l,(ri,aipi,aipi(ri} as a Schreier transversal, we apply the Reidemeister-Schreier 
rewriting process to the short exact sequence dH. In this way, a generating set for 
r2(B„(RP^)) is that given in the statement of the proposition. We record the following 
equalities for later use: 



' (r\p\ocip^ V^ ^ 



7f 



= Axa:jA^ 
aipi\ip~'^a~'^ = aipiaipio'ipip^'^o-^'^ = Aik, 

AjA-i 
(^iPiOiPi^(T{^ = (Tipipip.a-'^p-^cr^'^ = Alt],. 



o-ipiTip-^ ^(T^ ^ = aipiaipiaiaip^ V^ Vi ^^\ ^ = 
(^\piliPi^(^i^ = (^ipi(^ipi(^i(^i^Pi^(^i^Pi^(^i^ 



^ipiViPi ^^\ ^ = (^\p\Pi(^\ Vi ^^\ Vi ^^\ ^ 
(^\p\^iPl^(^x^ = (^\p\(^\piPx^(^x^Px^(^x^ -- 



(135) 



We now determine the relations of r2 (B„(MP^)) in terms of the given generating set. 
As we mentioned, we also set ol\ = k\ = ^\ =\. For all \^i,]^n — \,\i— ]\ ^2, the 
relator (J[(J:.(j~ aj gives rise to the following four relators, one for each element of the 
Schreier transversal: 

1 =(r;a}(rrVri = (r^crf ^ (ri(7y. (7 "Vf^ (7i err i = oci^j^-^aj^ 

1 =(71.(7/(7^0"" -^0^1.(7"^ = (7i(7,.(7y(7^~-^.(7x(7rl.(7r^(7j"^ = ^iDijlX~^ ^J^ 

1 =(7ipi.(7,(7y(7-Vrl.p-Vfl = (TlpiCii^j^-^CC-^p:[^a-^ = JiTjT-'^y-^ 

1 =(7ipi(7i.(7;(7y(7-V-^(7fVr^(7fl = aipi^iOCjOC-^ ^j'^ p'^a^^ = Tap'^T'^. 



In the third and fourth equations, we have used equation (|135|) . Similarly, from the 
relator cri(Tij^i(Tia~\(T~^(T~\, for all 1 ^ z ^ n — 2, we obtain: 

1 =C7-f(7,-+i(7,-(7-\(7-l(7;-\ = (7,-(7fl.(7i(7;+i.(7,-(7fl.(7i(7-\.(7-Vfl.(7i(7-\ 

1 =(7i. (7-,(7;+i(7,(7-\(7rV-\. (7f 1 = (7i(7,-. (7,+i(7f I (7i(7,-. C7--\(7f 1. (7i(7-l. (7-.1 (j"! 

1 =cTi|(?i.(7,(7,+i(7,(7-\(7-V-\.|0^Vf^ = (Tipioci^i+iCCiCcr^^^-^Dc-^^p-^cr-^ 

1 =(7i|(?i(7i.(7/(7,+i(7,(7rl(7-V^\.(7fVr^f^r^ = (^Ipl^i'^i+l^i^J'+i'^^^^ ^T+iPi^(^i^ 

=T,7mT,T^;l7r^T^;l- 
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For 



1^-1 



all 1 5^ i ^ n — 1 and 1 ^ j ^ n, j j^ i, i + 1, the relator CiPja- p- yields: 

1 = aipjcrr^p-^ = aia^'^ . aipjp^'^a^'^ . aipiar^a^'^p^^a^^ . aipiaipj^ = oiiK^j-^r]-^ 
1 = ai.aipf-^pj^.a-^ = aiai.pja^'^p^^a^^.aipiaiar^p^'^a-^.aipip-'^a-^ 

1 = aipi.aipja-'^p-^.p^^a-^ = aipiociKjT'hr^p^^a-'^ = ^iXj^J^ej'^ 

1 = aipiai.aipf-'^pj'^.a:['^p:['^a:['^ = aipi^it]pr^Kj^p:['^a:['^ = TiOjCc-^Xj'^. 

For all 1 ^ z ^ n — 1, the relator o''[^piCr'^^p~\ gives rise to: 

1 = cr^^picr^^p'l^ = a-^a-^.aipip-^a-^.axpia-^a-^p-^a-^.aipxCTip-^^ 






-1^-1 






From the relator |0- , ^|0- pij^ipia- , for all 1 ^ z ^ n — 1, we obtain: 

1 =(r\-P~liP~^Pi+\pi(^~^-(^i^ = (rip-l^p:[^cr-\cripipr^a-\crip,+ip-^a-\ 
cTipipicr^'^.aiar^.a-'^a-'^ = e^_l^K-\+iei(x-^ ^''^ 

Finally we come to the surface relator di ■ ■ ■ dn-iCn-i ■ ■ ■ o'lPi^- We deal with the cases 
n even and odd separately 
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(a) n even. We have: 

(71(73. (r2(7f ^ (Tj . p-'^a^'^p-'^a-'^. aipicrip-'^ 
=162^3 • • • i6„_2a„-ii6„_ia„_2 • • • ^si^i^i^i^Vi^ 

1 =(ri. (Ti • • • an-lCTn-l ■ ■ ■ ^\pi^- (T^^ = O^. dld^^ . (T\(T^ ■ ■ ■ (Tn-l(T^^ ■ (T\(Tn-\- C^w-lC^f ^ 

(TxCTn-l ■ ■ ■ 0-30-^^ ■ (TlO-i. (Tip^Vf ^ = ^i0i2 ■ ■ ■ Din-2^n-lOCn-\^n-l ' ' ' l^sMi^ 
1 =(7l|0l. (Ti • • • CTn-lO-n-l ■ ■ ■ O'lpi'^ ■ |0f Vf ^ 

=(r\p\. 162^3 • • • iS„_2a„_ij6„_ia„_2 • • • |63ft;2i6iA^^//f ^. p^Vf ^ 

=T273 • • • T„_27„_lT„_i7„_2 • • • T^^yiTid:^^ 

1 =(T\p\ai. (71 • • • (7„_i(r„_i • • • cTip^'^. a^^p:^^a:[^ 



--(Tipi. ^iOC2 ■ ■ ■ IXn-l^n-\<^n-\^n-l ' ' ' OC^h^i ^- Pi ^i ^ 
=7-1 72 • • • 7„_2T„_i7„_iT„_2 • • • 73T2?/i"^A^^. 



(h) n ocici. We have: 

1 =cri • • • (r„_i(7„_i • • • (7i|0-2 = (71(72. (73(7f ^ • • • (r„_2(rf ^. (7i(r„_i. (r„_i(7f ^ (ri(r„_2 • • • 
(71(73. (r2(rf ^. (Ji^. pf Vf Vr^^r^- ^iPi^iPi^ 

1 =(71. (Ti • • • (r„_i(r„_i • • • (rip~'^. a^'^ = a^. (72(7f ^ aio^ ■ ■ ■ aian-i- (r„_i(7f ^. (7i(7„_i. 

(7„_2(rf ^ • • • (r3(rf ^. ai(r2. (Tip^Vf^ = j6ift;2 • • • |6„_2a„-i|6„_ia„_2 • • • oc^^iOi^ 
1 =aipi. (Ti • • • (r„_i(r„_i • • • (Tip^^. pf Vf ^ 
=(ripi. |62a3 • • • a„_2|6„_ia„_i|6„_2 • • • ^^o^ihK^Vi^ ■ P\^^\^ 

=T273 • • • 7«-2T„_l7„_lT„_2 • • • T372TiA^Ui0^^ 

1 =aipiai. (Ti • • • (r„_i(r„_i • • • aip'^^. (/^"VfVf ^ 

=(ripi. ^i0i2 ■ ■ ■ ^n-20Cn-\^n-\0Cn-l ' ' ' OCsMl^- Pl^^l^ 
='^\ll ■ ■ ■ T„_27„_lT„_i7„_2 • • • 73T2?/r^A^^. 

This completes the proof of the proposition. D 
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